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.ABSTRACT 



A detailed analytical and experimental study of the sensitivity of 
Wave Digital Filters has been conducted. The results indicate that the 
wave digital filter tends to achieve the same low sensitivity character- 
istic as the analogue circuit from which it was derived. Other results 
indicate relatively higher sensitivity to terminating resistance values 
compared with internal element values , lower sensitivity for algorithms 
derived from simple rather than multiple elements, and higher sensitivity 
at the critical frequencies. Finally the rms error due to the quantiza- 
tion in the number of bits in the multiplier coefficients has been 
measured at approximately 3 db per bit for the many examples tested. 
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I . INTRODUCTION AND SCOPE 



A. INTRODUCTION 

Signal processing is necessary in diverse areas of science and engi- 
neering, such as communication, social sciences, biomedical, control, 
radar, acoustics, telemetry, and intelligence and information gathering, 
etc. In general this process can be done with analogue (continuous 
time), or digital (discrete time, discrete amplitude) signals. 

With the advent of LSI and VLSI, microprocessors, the need for effi- 
cient digital signal processing algorithms becomes more and more impor- 
tant. >tuch of the current literature is devoted to design of the linear 
algorithms, under the title of digital filters. Important factors in 
designing the digital algorithms are, time of the calculation, imple- 
mentation, accuracy (error), etc. 

.Although there is evidence that direct digital filter design is 
possible [1], nearly all of the digital filter design algorithms use 
the analogue to digital transformation techniques. It is interesting 
to note that the rapid development of the digital signal processing is 
partly because of the existence of the well established theory on the 
analogue techniques and partly because of the abundance of the general 
purpose digital computers. 

The digital computer and specially microprocessors , being physical 
objects from space and economical point of view, can only accommodate 
for finite precision in the size of the digital filter multiplier co- 
efficients. Thus the need for digital filter algorithms with low sen- 
sitivity to digital filter multiplier coefficients arises. 
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Fettweis [2] in order to design a low sensitivity digital algorithm 
has proposed an alternative digital filter design method, namely wave 
digital filter, in which analogue LC circuit is transformed into dis- 
crete algorithm using wave or scattering matrix parameters. This ap- 
proach in design is different from the conventional design techniques, 
because we have a new set of variables which are referred to as ’’incident 
and reflected wave parameters”. 

Wave digital filter design is believed to be difficult to understand, 
and is therefore generally avoided. But in reality this is not the case. 
In fact, to design a wave digital filter one need not go into the details 
of the algorithm development. One merely needs to know some basic facts 
and then can use the final wave digital filter equations and tables in 
order to design the required filter. 

It is a well known fact that analogue LC networks have very low sen- 
sitivity to variation in LC component values. Upon this fact Fettweis 
and others have argued that, since the wave digital multiplier coeffi- 
cients are derived from the LC parameters of the parent circuits, they 
should also have the same favorable low sensitivity characteristics to 
multiplier coefficients. Furthermore it is also known that the digital 
algorithms with low sensitivity to multiplier variations also exhibit 
minimum round-off noise due to quantization after multiplication of these 
multipliers with signals. As a result it is conjectured that the wave 
digital filter will have minimum round-off noise properties when compared 
with other digital filter algorithms. The purpose of this thesis is 
to analyze and check this conjecture. 
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B. SCOPE AND ORGANIZATION 



In order to develop and study the wave digital filter, the research 
in this thesis is divided into seven chapters. In Chapter II a brief 
discussion of the general digital filter theory is given. The presenta- 
tion contains only selected and necessary background required for wave 
digital filter theory development in this thesis later on. Also in- 
cluded in this chapter are A B C D matrix theory, and the concept of 
the delay free feedback which plays an essential role in the wave digi- 
tal filter theory development. Necessary sensitivity theory background used 
in the sensitivity analysis of digital filter is discussed briefly in 
Chapter III. The development of wave digital filter theory is done in 
Chapter IV. This development is straightforward and general in a sense 
that only one algorithm is developed for both series and shunt element. 

The effect of sampling interval is also introduced for the first time 
into the wave digital filter algorithms. Four useful tables of wave 
digital iterative algorithms for simple L and C elements in both series 
and shunt configuration are also given. The delay free path which plays an 
essential role in wave digital filter theory is emphasized throughout 
this chapter. The studies of the sensitivity of the wave digital filter 
to quantization in the number of bits of the multiplier coefficients is 
done in Chapter V. To do these studies in a fairly general sense, three 
different wave digital filter algorithms developed in Chapter TV are 
used with two different conventional digital filters for the given 
filter. A total of nine different filter types with different terminat- 
ing source resistances were examined and compared with each other to 
arrive at a general conclusion. Chapter VI presents a specialized in- 
depth study of the sensitivity of the simple wave digital filter 
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algorithm. In this chapter sensitivity distribution along the filter 
structure was examined in order to understand the sensitivity behavior 
of the subsections of the wave digital filter on the overall sensitivity 
of the wave digital filter. Chapter VII summarizes the new results and 
proposes future research ideas related to the wave digital filter theory. 
There are three appendices. Appendix 1 includes an example to show 
the nearly exact equivalence between the wave digital filter and the 
conventional digital filter, both in the time domain and frequency domain 
when infinite precision arithmetic is used. The rest of the appendices 
include ten computer programs. The computer programs are used to derive 
the results of the main text. It is important to note that in order to 
facilitate the better understanding of the computer programs , explana- 
tory remarks are made in the comment cards. These computer programs are 
in FORTRAN TV and can be used on any standard general purpose digital 
computer capable of dealing with FORTRAN IV scientific computer language. 

Finally it is important to note that in this thesis for easy access, 
the references are given at the end of each chapter, rather than 
collectively at the end of the thesis. 
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II. GENERAL BACKGROUND 



A. INTRODUCTION 

The main intent of this chapter is to briefly review general digital 
filter theory in order to establish the background necessary for 
the main subject of this thesis, i.e. wave digital filters. The design 
of the conventional digital filter is a well established subject. Thus 
it will be dealt very briefly. .Also discussed in this chapter is 
the A B C D parameter matrix theory, which will be used later on followed 
by the concept of the delay- free feedback path or delay- free loop in the 
digital two port network which are used in deriving the causal wave 
digital filter algorithms in Chapter IV. 2 domain transform theory is 
assumed as a background and is not discussed. 

B. GENERAL REVIEW OF DIGITAL FILTER DESIGN 

The design of electronic filters in the analogue domain is a well 
established subject, which not only includes very sophisticated tech- 
niques, but also has some very well established supporting computer pro- 
grams as well. Much of the development of the digital filter has been 
directed towards the transfer of these results from the analogue domain 
to the digital domain. 

In the most general sense a digital filter is a linear, shift in- 
variant discrete time system which is realized using finite precision 
arithmetic. The design of the digital filters involves three basic 
steps : 

(1) the specification of the desired properties of the system 



22 



(2) the approximation of these specifications using a causal dis- 
crete time system 

(3) the realization of the system using finite precision arithme- 
tic 

Note that these three steps are not independent of each other. In 
this thesis we are mainly interested in step 2 and to some extent on 
step 3. 

C. METHODS OF DESIGNING THE DIGITAL FILTER 

An important class of techniques for designing infinite impulse re- 
sponse filters to be realized recursively is based on a transformation 
of a continuous time filter. This class comprises at least three tech- 
niques . 

1. Impulse Invariance Method 

The impulse invariance method, also called standard z transforma- 
tion (or standard z) , is a technique in which the impulse response of 
the derived digital filter is identical to the sampled impulse response 
of the continuous time filter. If the impulse response of the filter is 
h(t) then the sampled Lmpulse response will be 

h (t) = h(t)» o^Ct) (2-1) 

where o T (t) is the sampling function and is defined by 

1 t=nT 

= { 0 t?*nT where n=0, 1,2,... 
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It can be shown that the Laplace transform of h (t) will be 



H*(s)=l£ h(s 



+ 

rp J 



T 



( 2 - 2 ) 



and the impulse invariance response of the filter w±l 1 be 



H(z) = H* (s) 



z = e 



sT 



(2.3) 




the s plane map into the entire z plane as depicted in Figure 2.1, the 
left half of s plane strip maps into the interior of the unit circle, 
and the imaginary axis of the s plane maps onto the unit circle in such 
a way that each segment of length ^ is mapped once around unit circle. 
Thus, the mapping is not a one to one mapping, and hence it can easily 
be shown that the impulse invariance response is only satisfactory if 
H(s) is band limited. .And as in most cases if H(s) is not sufficiently 
band limited rl(z) is an aliased version of H(s) . Therefore the tech- 
nique is used for narrow band filter design or else H(s) is broken into 
cascaded subsections of first order and second order sections with 
guard filters in between, which in some cases is a tedious job. Also 
it is clear from equation (2.2) that due to the ^ multiplier, the 
digital filters derived using the impulse invariance method have a gain 

approximately ^ to that of continuous time filter, which should be taken 
into account in the design. 

2 . Matched z Transform 



This procedure is based on mapping the poles and zeros of the 

S 1 T -1 

continuous time filter by the substitution of (s-s-^) (1-e . z ). 
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This means that poles of H(z) will be identical to those obtained by 

impulse invariant method; however the zeros will not correspond. 

3. Designs Based on Numerical Solution of Analogue Differential 
Equations 

a. Conventional Digital Filter Design 

In this method, the differential equation of the analogue 

filter is approximated by a recursive equation, which is the standard 
procedure in Numerical Analysis. There are three basic numerical inte- 
gration techniques, namely, 

(i) Euler forward integration 

(ii) Euler backward integration 

(iii) bilinear integration 

.All these techniques plus many others are described fully in the litera- 
ture. .-And there is no need to go into details for all of these tech- 
niques, but because of the importance of bilinear transformation we de- 
scribe it briefly. 

The approach uses the algebraic transformation 

2 1-z' 1 

s = L [1* ] (2.4) 

T 1+z 1 

to derive the system transfer function of the digital filter such that 



H(z) = H(s) 



? i _1 

S = 4 (2.5) 

1 1+z 1 

This transformation has the effect of mapping the entire left half s 
plane into the inside of the unit circle and entire right half of the 
s plane into the outside of the unit circle as shown in Figure 2.2. This 
results in a nonlinear warping of the frequency scale according to the 
relation 
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s plane 




z plane 



Fig. 2.1. 




Mapping of fCs) into f(z) as per relationship 
that the area between the strips tt/T and -tt/T map into the 
entire z plane in such a way that the area on the left half s 
plane strip maps into the inside of the unit circle and the 
area on the right half s plane strip maps outside the unit 
circle. The process is repeated infinitely many times thus 
mapping or transformation is not one to one. 




real axis 



Fig. 2.2. Bilinear mapping of f(s) into f(z) as per relationship s = 

2 (z-l)/T(z+l) . Note that the transformation is a one to one 
mapping. 
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id t a ,t 

4- - tan 



( 2 . 6 ) 



where is the critical frequency of analogue filter and ft^is the 
critical frequency of the digital filter. Because of this warping of 
the frequency scale this design technique is most useful in obtaining 
digital design of filters whose frequency response can be divided up 
into a finite number of pass bands and stop bands in which the response 
is essentially constant. Figure 2.3 shows the frequency response of an 
analogue filter and its approximated digital frequency response using 
bilinear transfom techniques. 

From Figure 2.3 it is obvious that if we require the critical fre- 
quency of the digital filter to be say at ft^then we have to frequency 
scale the critical frequency of the analogue filter by a factor 



factor = 



_ — 0 ) 

*5 c 



2 tan T 



(2.7) 



Typical frequency selective analogue filters are Butterworth, Chebyshev, 
and Elliptic filters. Note that all these filters have closed form 
analogue design formulas and by the use of bilinear transformation we 
can easily get approximate closed form digital filter algorithms. 

A Butterworth filter is a monotonic in the pass band and in the 
stop band. 

A Chebyshev filter has an equiripple characteristic in the pass 
band and monotonic in the stop band, or vice versa. 

An Elliptic filter is equiripple in both pass band and stop band. 
Clearly these properties will be preserved when the filter is mapped to 
a digital filter with the approximated bilinear transformation as shown 
in Figure 2.3. 
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Figure 2.3. Trans format ion of analogue filter H(s) into digital filter 
using bilinear transform S = 2(z-l)/T(z+l) . 
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b. Wave Digital Filter Design 

o o 

This technique basically uses the bilinear transformation of the 
analogue to digital design exactly the same as part a iii, but the 
attempt is made only on LC filters having input and output terminating 
resistances of and R 2 . 

In this technique each reactive element in the analogue ladder 
structure is transformed into a two port signal flow structure using the 
bilinear transformation and wave flow techniques, and at the same time 
matching the port one impedance of the derived two port structure to 
the port two impedance of the previously derived element, thus 
eliminating mismatch between the succeeding elements. The details of 
this and its implementation are left for Chapter IV. Note that the 
idea is a very basic one and can be applied on many varieties of common 
filters . 

D. CHAIN OR A 3 C D MATRIX THEORY 

The analysis of any passive linear network with several inputs and 
outputs can be done in many ways. The most usual ones are signal flow 
graph, system matrix equations, input/output algorithms, transform matrix 
equations, etc. However, for systems of order higher than 2, most of 
the above analysis becomes tedious and prone to mistakes due to system 
complexity. A most useful and convenient method of dealing with a com- 
plex system is, whenever possible, to break the system into several sub- 
systems and interrelate these subsystems by a chain matrLx, thus allow- 
ing each subsystem to be analyzed and investigated separately one at a 
time, without even thinking about the rest of the system. To illustrate 
the point consider the network N of Figure 2.4 with wave inputs a^ and 
a. n and wave outputs b^ and b 0 . The relationship between port 2 and port 
1 for this network can be written as 
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*1 1 



A 




B 


C 


Network N 


D 







I 

X, 



System boundaries 



Fig. 2.4. A general two port structure with inputs a, and a ? and 
outputs and b 7 , into and out of the system boundaries 
respectively . 
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b 2 



3-1 



System boundaries 



Fig. 2.5. A general two port structure with inputs a, and a 7 and 
outputs b^ and b 9 into and out of the system boundaries 
respectively. Note that the system of Fig. 2.4 is 
equivalent to the system of Fig. 2.5 if the inputs 
(a^ and a ? ) and outputs (b-^ and b 2 ) are exactly the same. 
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B 




a„ 

L 



C 



D 




( 2 . 8 ) 



Now if we can break network N into several subnetworks inside the dotted 
line without touching the input and output ports, the resulting network 
will be exactly the same as network N. Note that the networks N-^ and ^ 
resulting from network N do not necessarily have to have equal subsec- 
tions as shown in Fig. 2.5. Note also how the consistency in the wave- 
flow direction is maintained. 

Thus from Fig. 2.4 
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( 2 . 10 ) 



( 2 . 11 ) 



(2 . 12 ) 



(2 .13) 
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Note that equations (2.8), (2.13) are identical. This s triple example 
clearly demonstrates how a system when made up of only two simple sub- 
systems and N ? which are easy to be analyzed each separately, when 
combined into the system N becomes a complex system, and very difficult 
to get analyzed. 

Note that in the first case it is a very easy job to analyze subele- 
ments Ap Bp and D-^ of system N^ or that of the system While 

clearly the analysis of the element A = A-jA-? + B?C-^ etc. of the system 

N will not be an easy job, and in most cases when the system is made up 
of more than 2 subsystems it is a tedious if not an impossible task. 

Thus equation C2.12] clearly demonstrates the fundamental property of 
the chain matrix analysis. 

Whenever two or more than two pairs are connected in cascade the chain 
matrix of the composite network will be the product of the individual 
chain matrices. Since in general matrix multiplication is not commutative, 
it is important that the matrices be multiplied in the same order as the 
circuits are cascaded. It can easily be shown that if all the individual 

matrices are reciprocal the composite two port will also be reciprocal. 

E. CONCEPT OF DELAY FREE FEEDBACK PATH, OR DELAY 

FREE LOOP IN A WO PORT NETWORK 

As mentioned in section II-D the relationship between port two and 
port one of a subsection of a general causal system such as that of Fig. 

2.5 can best be described by the equation C2.S), i.e.' 
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J- 



where bp a^ are the output and input quantities at port one and b 9 ' , 
a 9 ' are the output and input quantities at port two. This equation can 
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be rewritten in terms of input quantities in the following form 



V 



f C, 



A i D r B i c i 



_i 

D. 



1 

ir 



a ' 
2 



(2.15) 



or we can write equation (2.15) in the simpler form of 



V 



f x (z) f 2 (z) 



f,(z) f 4 (z) 



(2.16) 



Note that for a causal digital system the values f, (z), f 7 (z), f^(z) 
and f 4 (z) are of the form 



f(t) 



a Q * a i - -1 * — * v ' 1 * — v' n 

1 + b-, z + — + b - z ^ + — bz n 
J. in 



(2.17) 



Note also that when written in terms of positive exponents of z, the 
order of z in the numerator must be equal to or less than the order of the 
denominator for causality. With this in mind the iterative equations 
derived from equation (2.15) are 



and 



b-,(n) = cu a-, (n) + 8-,a ? '(n) + weighted values of past inputs at 

port one and port two plus weighted 
values of past outputs at nort one 

(2.18) 



b ? '(n)= a a (n) + S_a r (n) + weighted values of past inputs at 

“ port one and port two plus weighted 

values of past outputs at port two 

(2.19) 



Note that a , a , B , 8 are merely weighting constants , and equations 

X Ld Ld 

(2.18) and (2.19) are both causal and realizable. 
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Now if the input a 7 '(n) at the port two is a function of b 2 '(n) of the 
port two, i.e. 

a 7 '(n) = Kb 7 ' (n) + weighted values of past input and 

output values at port two ( 2 . 20 ) 



which is the case for most cascaded two port systems such as the one 
shown in Fig. 2.5 the equations (2.18) and (2.19) further reduce to 



b-,(n) = a-,a,(n) + + weighted values of past 

inputs and outputs at 
port one and port two 



( 2 . 21 ) 



and 



b 7 '(n) = a 7 a-^(n) + 3 7 Kb.,'(n) + weighted values of past inputs 

at port one and port two plus the 

weighted values of past out- 
puts at port two ( 2 . 22 ) 

Note that the iterative equation (2.22) is not causal since for the cal- 
culation of b 7 '(n) it requires b 7 '(n) which is not possible. Thus for 
the causality either K must be equal to zero or 82 must be equal to zero 

which are twu distinct cases. 

Case 1 

By considering Fig. 2.5 it can be seen that a,,', b 7 ' are merely 
the port one quantities of the second stage. Thus if we are going to 
consider the first stage only we cannot force K to be equal to zero. 
Thus the only variable left is 82 and by making B 7 equal to zero we can 
make equation (2.22) a valid equation. This condition is referred to 
the case of no internal delay free path from a 7 ' to b 7 ' or no delay free 
path in port two. Thus to implement this condition the order of the 
numerator of the function f , (z) = x -k r< - must be at least one order lower 

4 D 1 (z) 

than the denominator. 
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Case 2 



As it was noted in the Case 1 since a 2 ', b 2 ' are merely port one 
quantities of the second stage. If we can make b.'Cn) of the second 
stage to be independent of the a ' (n) of the second stage and only 
dependent on the past inputs and outputs of the port one of the second 
stage, then we have actually managed to make a 2 '(n) of the first stage 
to be independent of b 2 '(n) of the first stage. This can be done by 
forcing a, = 0 in the second stage. This condition is referred to 

the case of no internal delay free path from a^ to b^ or no delay free 

path in port one. Note that to implement this condition the order of 

A x (z.}^ GO -Bj. (z) C-j. 00 

the numerator of the function f-(z) = D - (z) must be at 

least one order lower than that of the denominator. 

F. SUMMARY 

In this chapter we have reviewed briefly the ground work required 
for the matched two port wave digital filter theory and design. 

The contents of this chapter are used throughout this thesis . No 
particular mention of any reference has been made since most of the 
subjects discussed are well established and details can be found in most 
digital filter design handbooks or papers. It is worthwhile to note 
that the concept of delay free feedback path, though important, in most 
papers reviewed were merely stated without any proof. Thus in this 
chapter an attempt was made to prove it in the most general sense. 
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III. GENERAL DISCUSSION ON SENSITIVITY THEORY 
RELATED TO WAVE DIGITAL FILTERS 



A. INTRODUCTION 

The main intent of this chapter is to start with the low sensitivity 
properties of the doubly terminated analogue LC structure and then extend 
this property to the wave digital filter. Later on in the chapter we 
explain briefly the development of wave digital filter theory. It is not 
the intention to go into details, but merely to give an overview of pre- 
vious works for which full development is available in the references. 

Another objective of this chapter is to briefly discuss the different 

wave digital filter structures and algorithms which are all called wave 
digital filters, each structure having its own characteristics and limita- 
tions. The newcomer to this field will be astonished by the many differ- 
ent structures and algorithms which are present in the literature; all 
of them are offered under the same name of wave digital filter. 

Later in this chapter a natural development of the wave digital 
filter theory is traced from the initial conjecture of Fettweis up to 
the present day state of the art. 

3. DEFINITION OF SENSITIVITY 

The terra sensitivity of a certain filter structure has a broad mean- 
ing, and the literature is full of different definitions for sensitivity 
functions meeting a specified requirement. But in general all of the 
definitions end up more or less to the following: 
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As the filter element values or coefficients are varied about their 



true value, the filter pole and zero locations are shifted correspond- 
ingly, causing a change in the magnitude and phase characteristic of the 
filter. A mean shift in the characteristic can be computed on a point by 
point basis and used as a figure of merit, but it may be meaningless 
when determining whether or not the original filter specifications are 
met. Therefore sensitivity must be interpreted in terms of several 
factors to include such parameters as bandwidth, cut-off frequency, 
ripple in the pass and stop band, etc. Several sensitivity functions 
are most commonly used. They are 

Ci) Q sensitivity and pole frequency sensitivity 

Cii) Root sensitivity 

(iii) Coefficient sensitivity 

(iv) Frequency response sensitivity, etc. 

Note that most of these sensitivity functions are meaningful and for 
most cases there is a relationship between most of these sensitivity 
functions with each other [12]. 

Since in this thesis we are mainly interested in the parameter or co- 
efficient sensitivity, thus no discussion of the other sensitivity func- 
tions will be made. 

C. DEFINITION OF PARAMETER SENSITIVITY 

For the function H(C^, C 9 ,..., C^,..., C n ) , where H is a function 
of multiparameter (C-^, C^,..., C ), the parameter sensitivity 

H of the system to any change of variables or elements is defined in 
several ways 

gu ^ • 

i) S = * pp > logarithmic or (3.1) 

d i factorial sensitivity 
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(3.2) 



3H 

ii) S = — , derivative sensitivity 

3L i 




• H 3L • l ’ . . . 

i i sensitivity 



and all of these sensitivity functions are discussed fully in the literature 
[12], [13], [14], [15]. 

D. QUANTIZATION ERROR IN DIGITAL FILTERS AND ITS SENSITIVITY EFFECT 

Although tolerance problems which exist in the physical world in the 
case of analogue filters, do not exist as such for digital filters, still 
there is an interest in obtaining structures with low sensitivity to para- 
meter variations . There are several reasons for this . The primary reason 
is the fact that the structures with low sensitivity are less affected by 
coefficient truncation. Thus element values or coefficients with 
shorter word length are sufficient for meeting a given specification. 

The second reason stated and proved by Fettweis [10] is that there exists 
a relationship between sensitivity with respect to multiplier variation 
and the round off noise at the output of a digital filter. Thus any 
improvement in the sensitivity would result in a reduction in the corre- 
sponding round-off noise at the output. 

In order to compare the coefficient sensitivity of different digital 
structures Ku and Ng [8] have used a root mean square error criteria in 
the frequency response given by 



Note that this criteria is in the frequency domain and is based on the 
deviation of the magnitude of the finite precision output from the ideal 
or infinite precision output. 



N 




(3 .o) 
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(3.4) 



Thus AH(oj^) is defined as 

AHCu^) = |HCai ± ) - H o (ai i ) | 

where H q (oj^) is the magnitude of the ideal output at frequency to-, and 
H(u^) is the magnitude of the finite precision output at frequency and 
W(lo- ) is the weight chosen to reflect the relative importance of error at 
various frequencies, and N is the number of sample points in the frequency 
domain. 

Furthermore in order to equalize the effect of the various coeffi- 
cients, floating point arithmetic is used rather than fixed point 
arithmetic, during the process of rounding off of the coefficient to 
the required number of the bits. Note that more details and implementa- 
tion of the idea are left for Chapter V where we investigate case studies 
based on bit quantization error. 

E. SENSITIVITY OF LC LADDER STRUCTURES 

It is a well known fact that the doubly terminated analogue LC 
ladder structures are relatively insensitive to element value changes. 

To prove this fact most researchers have used the theory of the total 
conservation of input and output power quantities in a reactive lossless 
network, the discussion of which is interesting but it not in the scope 
of this thesis. A very good review is made in this respect by Renner 
and Gupta [7] . 

Thus, it is a reasonable assumption that the digital filter derived 
directly from the topology of a resistively terminated analogue lossless 
structure would have the same favorable sensitivity properties as its 
analogue counterpart. 

To show the low sensitivity of wave digital filters by the conven- 
tional n port scattering matrix network theory, Fettweis [10] defines the 



39 



instantaneous "pseudopower" transmitted through a wave port k with port 
input resistance Rj. by the means of the equation 



a 2 ,2 
- A " b k , 
* k - ( 5 ’ 






(3-5) 



where is the total instantaneous pseudopower input through port k and 
a^ is the total input wave at port k and is the total reflected output 
wave at port k. Similarly he defines steady state pseudopower by the 
relationship 



I A k I 2 - l^l 2 

P k = " R, ° 



(3-6) 



a k» \> respec- 
tively at an arbitrary frequency "f". In this way he then shows that for 
all wave digital building blocks which are derived from the LC doubly 
terminated ladder structures, the total sum of instantaneous pseudopower 
absorbed by all ports is equal to zero, i.e. 



where and and are the steady state values of p^, 



t 

k=l 

where n is the total number of the ports of the wave digital subelement 
or building block and p,_ is the instantaneous pseudopower at port k. 

Similarly he also proves that the total steady state pseudopower 
absorbed by all building blocks of a terminated wave digital filter at an 
arbitrary complex frequency "f" is equal to zero, i.e. 

t p k-o 

k=l 
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where is the steady state pseudopower at an arbitrary complex frequency 
f, and n is the total number of the ports of the wave digital building 
block. The low sensitivity property then follows from the zero pseudopower 
relationships. Although power has physical meaning in analogue circuits its 
meaning in digital filter algorithms is nebulous. 

F. PREVIOUS WORKS ON THE DEVELOPMENT OF THE WAVE DIGITAL FILTERS 

In the previous section we discussed the favorable low sensitivity to 
parameter variation properties of LC ladder structures . It was this fact 
that led Fettweis to propose the idea of wave digital filters in 1970 [3] , 
derived from the doubly resistive terminated LC ladder structures. Since 
then numerous papers relating to the wave digital filters have been presented. 

To understand the wave digital filters and the state of art, it is 
necessary to summarize the state of evolution of the wave digital filters. 

Partial credit of the development of the wave digital filters 
can also be given to Richards [1J , Kuroda, Ozaki and Ishii [2] and numerous 
other researchers who contributed to the development and synthesis of the 
strip line filters and also resistor-transmission line circuits. 

The basic idea behind wave digital filter development from the beginning 
was to keep the desired low sensitivity of lumped LC resistively terminated 
filters in the already developed analogue domain and transfer it to digital 
domain with very minor modifications. 

Ideal strip line filter and transmission line circuits having inherent 
LC structure is an ideal starting point. To avoid the loading effect of 
one element of the LC strip line upon the succeeding and preceding elements, 
Ozaki and Ishii [2] introduced the idea of inserting unity element, or the 
lossless transmission line acting as an ideal transformer (which was already 
developed by Kuroda and known as Kuroda 's identity), between the stages as 
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a lossless matching element. 

In a more detailed paper Fettweis [4], in order to arrive at realiz- 
able signal flow diagram, used wave quantities instead of the usual 
current and voltage input quantities to the conventional filter. Actually 
in using the wave quantities as input and output signal, Fettweis made 
use of the already developed scattering parameter matrix theory of the n 
port networks . In order to avoid the loading effect of one section upon 
the other, and thus to eliminate the unwanted mismatch reflections between 
sections, he employed unit element or impedance transformer, known as 
Kuroda ' s ident i ty [ 2 ] . 

Although with the introduction of the unity element a desirable re- 
sult was achieved in realizing the LC filter structures, this introduc- 
tion further increased the number of required operations (mainly multipli- 
cations) over the conventional digital filter. 

In order to avoid the unity element several attempts were made by 
different researchers, Sedlmeyer and Fettweis [5], Van Haften and Chirlain 
[6] , and others , to eliminate the need for unity elements or impedance 
transformers between the cascading sections. One of the attempts was made 
by Fettweis [5] and later on the method was renamed by Ku and Ng [8] as 

the "new Fettweis method." The new Fettweis method forced one of 
the scattering multiplier coefficients in the three port network to be 
equal to 1, thus a two port element was made from the three port element. 
3y starting at one port and progressing forward towards the other port, 
and by suitable choice of input impedance of the next section (i.e. 
matching the output impedance of one section to the succeeding section) , 
the need for unity element or impedance transformer matching was 
eliminated. 
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Van Haften and Chirlain [6] next came up with the idea of cascading the 
wave digital three port section directly without the unity element but 
taking into account the approximate attenuation of one section upon the 
next section, thus eliminating the need for unity element and extra 
multiplications associated with it. At the same time this introduced 
errors associated with the calculation of the approximate attenuation of 
one section upon the other. 

S. Erfani and B. Peikari [9] and N. S. Swamy and K. S. Thyagarajan 
[11] at the same time came up with a new approach to eliminate the unity 
element. This technique is the basis of the further investigation in this 
thesis, and details are given in Chapter IV and other chapters. 
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IV. GENERAL THEORY OF THE WAVE DIGITAL FILTER 



A. INTRODUCTION 

The intent of this chapter is to derive the generalized algorithm 
for a two port wave digital filter on a step by step basis using the 
principles of the circuit theory, matrix algebra, and scattering matrix 
wave theory. 

The resulting algorithms are summarized in two tables in section E. 
Also, two illustrative examples are given, example one being a simple 
element, suitable for matched source; and example two being a complex 
element, suitable for a matched load. 

It must be emphasized that the techniques used to derive the wave 
digital algorithms in this chapter are more general than the previous 
works, in the sense that only one algorithm is derived for both series 
and shunt element. .Also the effect of sampling time is introduced into 
the algorithms . 

B. DERIVATION OF THE GENERALIZED TRANSFER RATIO 

FOR A TWO PORT WAVE DIGITAL FILTER ALGORITHM 

Consider the two port network N^ of Figure 4.1b whose inputs are a^ 
and a 0 and outputs are b^ and b 2 « In order to use the chain matrix theory 
developed earlier (Chapter II, Section B-D) we need to find port two 
input and output waves a 0 ^ in terms of port one input and output waves 
a^,b^ or vice versa. 
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Rt 



V =a 



s s 




Fig. 



4.1b. 




R 



L 



Fig. 4.1. Two generalized representations of a two port network. 

Fig. 4.1a representation in terms of voltage and current 
quantities. Fig. 4.1b representation in teims of scatter- 
ing matrix wave quantities. Note that R-^ is the input 
impedance of the network and R ? is the output impedance 
of the network. R g is the source impedance and R^ is the 
load impedance. 
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Thus considering the scattering matrix model of Figure 4.1b, we have 



and 




(4.1) 




(4.2) 



where R. and R-, are port impedances of port one and port two respectively. 

Note that a^,b^ and a ? ,b 0 are voltage waves. Now in order to find 
a-,,b 9 in temns of a-, ,b-^ we have the chain matrix of 






(4.3) 



Equations (4.1) and (4.3) lead to 




48 



or 



a 

b 



1 

1 



A + R C 
A - R X C 



B + R 1 D 




" V 2 


B - R-jD 




r 2 



But from equation (4-2) 



or 




(4.4) 



(4.5) 



Thus equations (4.4) and (4.5) lead to 



A-i 



V 



h 



A+R^C 



2R? 



A-R (2 

T~ * 2ib (B - R 1 D) 



w (B * R 1 D) 



(4.6) 



A-R (2 

-T- - 2^ (B - R 1 D) 



or 



where 





II 


u X 




_b 2 


b l 




V < 




a 2 







— 




— — 



A+R,C , 

» ■ -r- + 4 (B * R i D) 

A+R, C , 

X " — * 2Rj ^ 3+R l D) 



(4.7) 



(4. 7a) 



(4. 7b) 
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V 



(B-RjD) 



(4.7c) 



A- 



¥ 



2R. 



K = 



A- R i c 

-r- ' lib (B - R i D) 



Thus from equation (4 • 7) we have 



b, = - a n + (k - — ) a. 
1 y 1 ^ y 2 



. _ 1 A 

b 2 y a l ‘ y a 2 



(4 • 7d) 



(4-3) 

(4.9) 



and the appropriate wave flow diagram is drawn in Figure 4.2. 

Note that 

V = V - I R (4.10) 

1 s Is 

V 2 = - I 2 R l (4.11) 

Thus equations (4.2) and (4.11) lead to 

a 2 = + R 2 I 2 
b 2 = V 7 - R2I7 



so that 


a2 = b 7 i 


(4-12) 




2V 2 






b 2 1+0 


(4.13) 


where 


R L ' *2 






5 R L * R 2 


(4.13a) 
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Fig. 4.2. Wave flow diagram representing network of Fig. 4.1. 
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and also equations (4.1) and (4.10) lead to 



a i = V 1 * Vi 



b i - V 1 - Vi 



V 1 ’ v s • Vs 



so that 
where 



+ eb 1 = (i + e) v, 



9 = 



R 1 - R s 
R 1 + R s 



Where is the input voltage. Thus from equations 04.13) and C4.14) 



Hr ,, . _ (1^) (1-9) . b 2 (z) 

V 2 a^(zj+eb^(z) 



Note that for 9=0, from equation (4.15), = R s< 



V = a = a. 
s s 1 



and 



ri4 .. b ? (z) 

Hf z l = I 1 **) .. • - s 

2 a (z) 



For 4> = 0, from equation (4.13a), R^ - R^ and from equation (4.12) a 2 
Thus from equation (4.16) 

H( Z ) = IliSl ■ 

2 a (z) + 



s (z)+0b 1 (z) 



or 



H(z) = 



1+9 



. V z) 

2(1 + 9 -jj) W 



(4.14) 

(4.13) 

we have 

(4.16) 

(4.17) 

= 0. 

(4.18) 

(4.19) 
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The general realization with the aid of equations (4.11), (4.14) and 
(4.17) is shown in Figure 4.3. 

C. REALIZATION OF TWO PORT WAVE DIGITAL STRUCTURE 

Theoretically LC passive structures such as ladder, lattice and most 
of the other symmetrical structures can be reduced to a form of Figure 4.4 
which is the "T" form with positive or negative element values. Note that 
in A B C D matrix, the direction if I 0 is in the direction as shown in 
Figure 4.4 and Z^, Z ? or Z^ can be positive or negative capacitors, inductors 
and/or tank circuits with positive or negative element values. 

The A B C D matrix of Figure 4.4 as per equation (4.3) is found from 
the equations 



V = V + I Z + I Z 
1 2 2 3 1 1 



Ui - i 2 )s = v, * i 2 z. 



and the A B C D matrix is 



V 1 




i 

' 2 


z.z, 

7 + 7 + 1 ^ 




V 2 


= 


1 J 6 2 
7 




L 




1-1 lt<r' 

_ i 


i 

L 2 




1 

OJ 

t-H 

J 



Thus 




u l L l 



L'-s 




D 




(4. 20) 



(4. 20a) 
(4. 20b) 
(4. 20c) 
(4. 20d) 
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9 = 



V R s 

R l+R s 



<P = 



R L~ R 2 

R L +R 2 



Fig. 4.3. General realization of a two port network N, with input 

and output waves. Note that a_ is the input voltage wave. 
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Port 

One 



Fig. 4. 




Port 

Two 



. A general two port "T" network with complex elements 

Z,, I ? , Zy Note that R, is the input impedance of Port 1, 
and R^ is^the input impedance of Port 2. 
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Note that for a single series element Z 



1 



as per Figure 4.5 



and equation (4.20) 




and for a single shunt element Z ? as per Figure 4.6 and equation (4.20) 



“1 = o 



z 3 - 0 



> 

1 




1 


0 


I, 


It 


1 


1 


1 




^2 











_ 



V, 



L 



Now we can easily find the values of v, X, p, < of equation (4.7) 
Thus equations (4. 7a) and (4. 20) lead to 



y 



R 1 + R 2 + Z 1 + h + 



(R ! + =1> ^ R 2 + Z 3 } 



2R. 



(4.21) 



and equations (4.7b) and (4.2Qj lead to 



- R 1 * R 2 - Z 1 



X = 



+ 



2R 2 



(R x + Z x ) (R 2 - Z 3 ) 



(4. 22) 
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+ 



1 



V 



1 






7 

“1 



R, 



Port 1 

• -«< — 



1 h 

— i a 



k 2 

Port 2 



+ 




Fig. 4.5. A general two port with series element only. 

Note that R and R_ are input impedances of 
Port 1 and ^Port Irrespectively. 




Fig. 4.6. A general two port with shunt element only. 

Note that R. and R ? are input impedances of 
Port 1 and ^ort 2“respectively. 
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equations (4.7c) and (4.20) lead to 



- R 1 + R 2 + z i + z 3 + 



C-% + z : ) (R 2 + z 3 ) 



v = 



2R- 



(4. 23) 



equations (4-7d) and (4.20) lead to 



**1 + R 2 ' + Z 3 + 



(Zj. - r 1 )CR 2 - z 3 ) 



< = 



2R^ 



(4.24) 



Thus the elements of Figure 4.2 will be 



1 

u 



2R 2 



S l t V Z l' Z 3* 



(Rl ♦ 3,) (R 2 * Zj) 



(4.25) 



y 



■«! + *2 + : 1 + “3 



R 1 + h + Z 1 + Z 3 + 



C-Ri + z^) (R 2 + Z 3) 



7 

"2 



( + ^) CR2 + ^3) 



(4.26) 



< 



AV 

y 



2R, 



R 1 + R 2 



"l + "3 



( R x + Z x ) (R 2 - Z-) 



(4.27) 



X 

y 





“3 



«1 



R 2 + 



L 1 + “3 



( R]_ + z x ) ( R 2 ■ Zj) 

- 




(4.28) 



Note that for the single series element of Figure 4.5 the equations (4-25), 
(4.26), (4. 27), (4.28) reduce to 
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(4. 29) 



1 _ 2R 2 
y R. + R_ + Z 



y 


v 


R 2 


h 


V 


-h 


* R 2 


+ z i 


U 


R i 


+ R 2 


+ Z 1 


Av 




2 R i 




y 


r i 


+ R 2 


+ Z 1 


. x = 


R i 


- R 2 


+ Z 1 


y 


h 


+ R 2 


+ Z 1 



(4.30) 



(4.31) 

(4.32) 



and for a single shunt element of Figure 4.6 the aforesaid equations will be 



where 



and 



1 

U 






v 

u 







2G- 



Y 2 - G x + G 2 



X 

y 



- Y 2 + 






Z 2 



(4.33) 
(4-34) 
(4.35) 
(4. 36) 
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D. DERIVATION OF GENERALIZED ALGORITHM WITH NO DELAY FREE PATH IN 
PORT ONE OR SIMILARLY WITH NO DELAY FREE PATH IN PORT WO 



The wave flow diagram of Figure 4.2 is not suitable to be used in 
the chain matrix equation, since most probably it has delay free paths 
between a^ to b^ and a-, to b 9 which we have not analyzed as yet, and if so 
it is not desirable. Thus by a careful choice of either R^ or 
R ? we can force the wave flow from either a to b to have no delay free 
path, or from a 9 to b 9 to have no delay free path; but not both of them 
since we have only one variable to adjust, and that is either R]_ or 

r 2 . 

The delay free wave flow for the case of no delay free path from a^ 
to b^ for a three section filter is shown, in Figure 4.7 and the delay 
free wave flow for the case of no delay free path from a 2 to b 0 for the 
same section filter is shown in Figure 4.S. 

Note that a close examination of Figure 4.7 and Figure 4.8 still 
reveals a delay free feedback loop at the terminating points. Thus to 
make the sections of practical value, <j) must be forced equal to zero for 
Figure 4.7 implying that 



<b = 



. r l 



R 



R L + R 2 



1=0 



or 



R L " R 2 



(4.37) 



and for the Figure 4.8, 6 must be forced equal to zero implying that 



9 • 0 Rs'Ri" C4.38) 

Thus the updated and useful delay free wave flow diagrams would be as per 
Figures 4.9 and 4.10. Note that in the first case we have to start at 
load end and work our way through to the source end, and in the second 
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case, i*e. Fig* 4.10, we have to start at the source and work through to 
the load end. Alternately we can start from both ends and progress 
towards each other. Where they meet we have to introduce a transformer 
or unit element such as Kuroda's identity, but this is not really 
recommended since it introduces further complications . This approach 
is not desirable and is to be avoided. 

Now with the aid of formulas (4.25], (4*26), (4.27), (4.28), 
we can cascade as many elements in a section as complex as Figure 4.4 
or as simple as Figure 4.5 or Figure 4.6. 

Note that the element values Z-^, Z 2 Z 3 must be in s domain, 
and for digitization we use the bilinear transformation 



s 



2 (r-1) 
T (z+1) 



(4*39) 



where T is the sampling period of the digital filter. 

Example 4-1 

Series L, no delay free oath from a to b , the case of a simple 
element 1 1 

With reference to Figure 4.2, v/y must have no delay free path, and 
the aim is to find given R , the load end terminating resistance. 

From equation (4 .50) 



and 



Thus 



V Z _1 : R ! + h. 

p ' h + R 1 + ^ 



-1 - sL - T ( Z+ 1) * L 

+ ^ - V * CR 2 - Rj - T> 

l = — (4.40) 

-.(2L + Ri + r 2 ) + ( R]L + r 2 - ^i) 
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for r; to be with no delay free path from equation (4.40) 



T 2 



which leads to 



h 

2L 



= 0 



R 1 R 2 + T 



(4. 41) 



Thus from equations (4.29), (4.30), (4.31), (4.32), (4.38), (4. 39) , (4. 41) 
we have D 

M rr-1 . K ? 

(4.42) 



— = where a = — ^ 

R 1 



U z + o 



2R„ 



1 = _ 

? 1 T "1 T ^2 



u r + Ri + R. 



= o(z+l) 

(z+a) 



2R. 



< - 



Av = 

y % + R 2 + Z l 

= 

z+a 



(4.43) 

(4.44) 



A = R 1 ~ R 2 ^ Z 1 
v = R 1 + R 2 + Z 1 



(4.45) 



= z i> a ) 

z+a 



Thus the output equations for series L with no delay free path from a^ to 



are 



b-, = 



0"1 o ^ z +1 „ 
z+o a l z+a 2 



b„ = 



Zillll a . + a 7 

z+a 1 z+a 2 



(4.46) 



or 



b = (o-l) Z 



-1 



1 + OZ'l 



a l + 



1+z 



-1 



1+az 



— a_ 
-1 2 



b, = Hliiidl a , (l-°) a 

2 1 * az' 1 1 1-az' 1 2 



(4.47) 
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with 



a 



*2 




and the iterative equations, corresponding to (4.46), (4.47) are 

b 1 (n) = (o-l)a 1 (n-l) + a ? (n) + a ? (n-l) - ob^n-l) (4.48) 

b 2 (n) = oa-j^ (n) + aa-^n-1) + (l-a)a 7 (n) - ab ? (n-l) (4.49) 

With zero initial conditions, i.e. 

x-^ = 0 
x 2 = 0 
= 0 



The equations (4-481, (4.491 can be rewritten as 



b l 


= c(x 1 - 


x 3 ) - 


X 1 " *2 + a 2 


(4 . 501 


b 2 


* a( a x - 


a 2 + 


• x x - x 4 )+ a 2 


(4.51) 


and updated equations 














X 1 


= a i 


(4.52) 






x 2 


= b l 


(4.55) 






x 3 


= a 2 


(4.54) 






x 4 


b? 


(4.55) 



Note that there is only two multiplications for each iteration. 
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Example 4-2 

An example of designing the composite series and shunt element with 
no delay free path on port two , 1 

.As an example of a composite series and shunt algorithm, let's con- 
sider the two element section of Fig. 4.11. The aim is to derive the 
wave flow algorithm with no delay free path from a 2 to . From equation 
(4.28) we have 



X 

u 



R. 



^ - R 2 + sL - (R^ + sL) R 2 sC 



+ R 7 + sL + (Rj + sL) R 7 sC 
1 - R 2 + s(L - R x R 2 C) - s 2 (R 2 LC) 



R. 



R. 



1 + R-, + s(L + R^C) + s i '(R 2 LC) 



s = 



- 2 (3-1) 

" T I5ny 



A 2 Z + B 2 Z + C 2 



where 



A, 



+ r - + r 
a l~ L 1 



A 2 



C 2 = *1 - R 2 



A 1 ~ R 1 + R 2 + 



\ " 2 ( R 1 + R 2 



C 1 ^1 + R 2 + 



2i 2 R x R 2 C 


4R 2 LC 


T T 


T 2 


4R LC 

+ -H 
t 2 




2i ^ 2 R x R 2 C 


4R 2 LC 


T T 




2L , 2R 1 R 2 C 


4R ? LC 


T + T 


T Z 


4R ? LC 

- “7 ) 

T Z 




2L 2R i R 2 C 


4R 7 LC 


— T 


T 2 



A 



with reference to Fig. 4.2 for no delay free path on port two, - — must 
have no delay free path, thus 



A 7 = 0 
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S* « 



T h-h 

~c 



R'l 



port 1 






port 2 



Figure 4.11. 



Composite series and shunt element of example 4.2. 
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This leads to 



R„ = 



p + iL 

*1 T 



1 + 2R 1 C + 4LC 
T 



(4.57) 



Thus from equations (4.57) and (4.28) we have 



X B 2 z ' 1 *• V 2 Z ‘ 2 



y 1 + 8 1 z" 1 + y 1 z" 2 



(4.58) 



where 



2R n "C 8R n LC 



8L 2 C 



S 2 = 



Yo = 



Si ~ 



T 


+ * + 

j2 T -j.5 


cq- 


2L 4LC 


2R 1 2 C 


2L _ 8 L 2 C 


T 


T t 3 


(R l + 


y) (1 + + ^ 7 ) 




? 


2R, + 


2L j. 2R 1 SL 2 C 


1 


T T t 5 


Cq* 


y) (1 + + ^ 7 ) 




R 1 



2L 2R-^C 
(R 1 + y) (l + — 4L 



7) 



and from equations (4.57) and (4.25) we have 



1. 



1 + 8-^z" 1 + Y-J.Z' 2 



(4. 59) 



where 



6 3 " 



1 + 2R 1 C + 4LC 
T 
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and from equations (4-57) and (4-. 27) we have 



K Xv . B 4 ( 1 * z ' 1)2 

y 1 + 3 1 z~ 1 + y-j^z -2 

where 



B 4 




lL 

T 



and from equations (4.57) and (4.26) we have 

-1 



-6-z 
v _ 2 



Y- 



1 + B 1 z' 1 + y x z~ 2 



Thus the wave flow algorithms for the composite element with no 
free path from a-, to b ? will be 



b 2 



e 3 (i+z- 1 ) 2 



-1 -2 
1 + 6 1 z 1 + Yl z 



a l + 



S 2 Z " 1 + Y 2 Z " 2 
1 + B 1 z' 1 + Y ] _z* 2 



b l " 



Boz" 1 - y-> 



1 + B ] _z' 1 + y 1 z' 2 



a l + 



2 4 (1 + z -1 ) 2 



1 + B 1 z* 1 + y 1 z' 2 



or 



b ? (n) = B^Cn) + BB-a^n-l) + B^a^n-B) + B ? a ? (n-1) 
+ Y 2 a 2 (n-2) -B 1 b 2 (n-1) - Y]b 2 (n-2) 



(4-60) 



(4.61) 



delay 



(4-62) 



(4-63) 



(4.64) 
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b x (n) = -B 2 a 1 (n-1)-Y 2 a 1 (n) + B 4 a 2 (n) + 26 4 a 2 (n-l) + B 4 a 2 (n-2) 

’Bib], Cn-1) ~Y 1 b 1 (n-2) (4-65) 

and the iterative equation corresponding to equations (4.62), (4.63) with 
initial conditions set to zero, i.e. 

x i =0 i=l, 

will lead to the iterative equations of 

b 2 = S 3 (a i * 2X 1 * 'V + 6 2 X 3 + Y 2 X 4 
b l = ' Y 2 a l ' 3 2 x l + 3 4^ a 2 + 2x 3 + x 4^ 

with updated equations of 

X 1 = a l 
X 2 = X 1 
x 3 = a 2 

x = x (4* 68) 

4 3 

x 5 * b l 

X 6 = X 5 

x 7 = b 2 

x 8 = X 7 



6 1 X 7 • Y 1 X 8 


(4.66) 


S 1 X S ' y 1 x 6 


(4.67) 
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Note that there are 12 multiplications with six coefficients, i.e. a's, 
ft's, y's. It is interesting to note that since in this example we 
originally had two elements, i.e. Series L, and shunt C with input im- 
pedance R^. Thus we expect the a's, B's, and y's to be functions of Rp 
L, and C only. This can be easily shown by identifying two new variables 
a and B such that 

2L 

T 



Then 



6 = 

1 + 



1 

2R, C 
— _ + 
T 






1-a 



1 - 2a + B(a+1) 



8 (I -a) 

1 - 30- + a) 

1 - 2a + 3Ca-l) 



3 3 = B 

6 4 = 1-a 



* LB 

R 9 = — is more general even for the case Ri =R =0 which makes 

L a j-g-, q x s 

l-a=0 and if we use R, = R^ R? becomes which is indefinite, 

R? = is not indefinite. 



a=l and 
while 
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By inserting these new values into the iteration equations (4.66) and (4.67) 
the number of multiplications reduces from 12 to 9 which is significant. 

Thus the new iterative equations from (4.66), (4.67) will be 

b l = a 2" a l ~ x 1 +2x 5 + X 4'- X S + c‘(-a 2 -x 4 +2(a 1 -x 3 +x 5 )) (4-69) 

+ S(a 1 +x 1 -x 5 -x 6 ) + aB(-a 1 +x 1 -x 5 +x 6 ) 

b 2 = x 3 +x 4 -^ 7 + 2a(x 7 -x 4 ) + 8(a 1 +2x 1 +x 2 -x 3 -x 4 -x 7 -x 8 ) (4.70) 

+ aB(-x 3 +x 4 -x 7 +Xg) 

Note that the multiplication aQ and 2a does not enter into the iteration 
and they can be premultiplied before the starting of the iteration process. 
Notation 

For latter analysis in Chapter y we call these latter set of equations 
i.e. equations (4-69) and (4.70) as "reduced parameter complex wave digital 
algorithms" and the original set, i.e. equations (4.66) and (4.67) as 
"complex wave digital algorithms". 

Although theoretically it is always possible to find new variables 
equal to the number of original L's and C’s, in practice it becomes a 
tedious job for more than two variables, and it is not recommended. 

E. TABULATION OF SIMPLE L AND C ELEMENTS IN SERIES AND SHUNT 

In a similar way as examples 1 and 2, the wave flow equations for 
the single L and C elements for both cases of series and shunt are 
tabulated in Tables 4.1a,b and 4.2a,b. 

Note that Tables 4.1a, 4.1b are for the case of no delay free path 
from a^ to b , and Tables 4.2a, 4.2b are for the case of no delay free 
path from to b r 
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Table 4. la. .Algorithms for simple L and C elements with no delay free 
path from a ^ to b-^ with sampling time T . 



Element 



Algorithm 



Remarks 




h _ a-1 

b. = a. 

1 z+a 1 



♦ £ia, 

z+a 2 



b = aCz^ll + z(l-o) 

- z+a 1 z+a 2 



V R 2 



a = — 
R 1 



2L 

T 



R ii c Jr, 

Cl) C2) 

Series C 



k - l* a o 

b, = a. 

1 z-a 1 



z-a L 



u a(z-l) z(l-a) 

ho = — a, + — a 

2 z-a 1 z-a 2 



R 1 R 2 + 2C 



a = 



^2 

Rn 



R- 



■=4- 

L 1 R -7 

l 2 



! I 

Cl] C2) 

Shunt L 



k a ‘ 1 
hi = tr r a-, 

1 ltO i. 



a(z-l) 

+ _ _ a. o 

z-a z 



= fi-i) + z(a-l) 



z-a a l 



3-0 
z-a * 



G 1 ” G 2 + 2L 



_ R i _ G 2 

a '^ _G T 



R 



rr 



ii 



"trzr 

Cl) 

Shunt C 



f i 13 

— L I “2 



C2) 



b. = 



bo - 



z+a 1 



z+1 

z+a a l 



.Simla, 

z+a 2 



z(a-l) 

+ — — a 0 

z+o 2 



G-t = 



G, ♦ “ 
2 T 



R, 



a = 



Ro 
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Table 4- lb. Iterative algorithms for simple L and C elements with no 
delay free path from a^ to_ b-^ with sampling time T and 
with initial conditions i.e. x ,x^,x^,x set to zero 



Element 


Iterative Algorithm 


Remarks 


Updated Values 


R-, 1 L IR, 

1 * “ 


b l ’ VYV^V^ 

b z = a 2 +a(a r a 2 +x r x 4 } 


R ! ■ R 2 * f 

R, 


X 1 = a l 

x 2 = a 2 
x 3 = b x 

X 4 = b 2 


a] b) 

Series L 


R, | c 1 R ? 

i ! “ 


bj_ = a 2 +x 1 -x 2 -a(x 1 -x 3 ) 
b 2 = a 2 +o(a 1 -a 2 -x 1 +x 4 ) 


R 1 = R 2 + 2C 
K 1 


(if T2) 

series C 


( 1 


b^ = -x 1 +a (a 2 +x- L *x 2 +x-) 
b? - a ]_ -a 2 -x-^+a (a 2 +x 4 ) 


G 1 = G 2 + ZL 
*1 G 2 
a = r 2 = g i 


^1 1 j^9 




"" 


b l = x i +a C a 2 “ x l +x 2 ” x 3^ 
b 2 = a 1 -a 2 +x 1 +a(a 2 -x 4 ) 


G 1 - G 2 + T 

a R 1. G 2 
° - r 2 “ g i 


F 

\\ _c I R? 

, 1 1 “ 


Cl) 1 12) 

Shunt C 
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Table 4.2a. .Algorithms for simple L and C elements with no delay free 
path from ^ bo b 0 with sampling time T 
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Table 4.2b. Iterative algorithms for simple L and C elements with no 
delay tree path from a 0 to with sampling time T aruT 
with the initial conditions i.e. x^ ,x 2 ,x 3 ,x^ set to zero 



Element Iterative Algorithm 

L 


Remarks 


R 1 1 l R 2 i 

' 1 

1 i 

Cl}" (2) 

Series L 


b i = a l*° ^ a 2 a l +x 2" X 3^ 
b 2 ' a l*V X 2 + ° (X 2' X 4 ) 


R 2 - R i * f 
R 2 


l c I 

R ! 1*7 

j 


b l = 

b 2 = a 1 -x 1 +x 2 -a(x 2 -x 4 ) 


R 2 = R 1 * X 
_ R 1 




r— "_L 


b l = a 2' a r x 2 +a(a l +x 3 } 
b 2 =-x 2 +a(a 1 -x 1 +x 2 +x 4 ) 


G 2 = G 1 + 2L 
G 1 R 1 
0 = G 2 = R 2 


1 !l 1 

R : 1 4>L |R, 

1 \ 1 “ 


(1)' C*2) 

Shunt L 


l 1 


b l = a 2 -a 1+ x 2 +a(a 1 -x 3 ) 
b 2 = x 2 +a(a 1 +x 1 -x 2 -x 4 ) 


G 2 ' G 1 * f 

, G l- R l 
V " ^2 


1 _l_ 1 

R, 1 -±C\^ 

IT r 


CD' <2) 

Shunt C 



Updated Values 



x, = a n 



Xn - a- 



x T = b 



x, = b 
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F FURTHER INVESTIGATION OF THE ALGORITHMS WITH NO DELAY FREE PATH IN 
PORT ONE, WITH THE ALGORITHMS WITH NO DELAY FREE PATH IN PORT TWO 

A closer look to the two kinds of algorithms derived, i.e. algorithms 

with no delay free path from a-^ to and the algorithms with no delay 

free path from a 7 to b 7 , will reveal that both algorithms would behave 

very much like their equivalent LC structure matched to load or matched 

to the source as per the reciprocity theorem. Note that this can also be 

proven by writing the chain matrix equations 



For no delay free 
path from a^ to b^ 



or 



or 





II 


K 1 


V 1 


1 p, 

l*-L 




h 


\ 


a 2 




K 1 


v r 


_ b 2_ 




_ X 1 


\ 



b? 



-ir b n 



With no delay free from a^ to b^ 



So if we interchange a^ and a 7 , and also b^ and b ? we would get 






With no delay free from a ? to b-, 
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Note that if we calculated the chain matrix for no delay free path from 
a . 2 to b 7 i.e. the matrix 



y 2 X 2 



v 7 k. 



Then the two matrices 



would be identical, i.e. 



K 1 


V 1 


f-i 

and 


y 2 


X 2 


_ X 1 


y l_ 




.2 


K 2 



y l 


1 

r— H 

P 

1 




y 2 


^2 


■ c i u i' x i v i 


UWi 








-h 


K i 








WVi 


K l y l‘ A l V l_ 




V 2 


k 2 



Thus 



U, = 



Ao = 



v~ = 



k-, = 



<l y l 


- ^ 




U 1 


Vi 


- Kft 




A 1 


Vi 


• K i y i 




K 1 


K i y l 


' Vi 



G. DESIGN EXAMPLE 

As an application of the illustration of the techniques developed, 
a seventh order low pass Chebechev filter with the given specification in 
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Appendix 1A was designed and implemented in both time domain and fre- 
quency domain. As a comparison the same filter was designed using the 
conventional digital techniques. The computer program and output results 
for both cases are also given in the same appendix. As can be seen, they 
are completely identical in both time domain and frequency domain, thus 
assuring the validity of the theory developed in this chapter. 

Note that in this example the double precision arithmetic was used, 
thus ensuring infinite precision for multiplier coefficients, to come up 
with exactly the same answer, 

H. SUNMARY 

In this chapter we developed the generalized algorithm for a two port 
wave digital filter step by step from the first principles of circuit 
theory and background given in Chapters II and III. The generalized LC 
system considered was an LC "T” Section. For a tt section the procedure 
would have followed in the same way with the exactly similar end results. 

The delay free path does play an essential role in the algorithms. 
Thus emphasis was given on this matter and whenever possible explanatory 
delay free paths were illustrated in the diagrams. To make things as 
clear as possible two worked examples are given, one with a simple 
section with no delay free path at the terminating source port and 
second example with a simple complex section with no delay free path 
at the terminating load port. Then we investigated the relationship 
between matched source algorithm with matched load algorithm of a given 
system. Finally a practical design of a wave digital filter using the 
already derived algorithms were implemented and the complete results 
and computer program are given in the Appendix 1B,-E. 

Note that no reference is given at the end of this chapter. The 
only relevant references would be references [9], [11] of Chapter III. 



31 



V. SENSITIVITY ANALYSIS OF THE WAVE DIGITAL FILTERS 
DUE TO TRUNCATION IN THE NUMBER OF BITS 



A. INTRODUCTION 

The intent of this chapter is to investigate the behavior of wave 
digital filters to quantization in the number of bits in the multiplier 
coefficients. The wave digital filter has been credited in most of 
the published literature as being minimum sensitive to multiplier co- 
efficient variations, and thus conjectured to be optimal in requiring 
the fewest number of significant places to achieve a given specifica- 
tion. 

In this chapter, for a given analogue resistively terminated LC 
filter, three different wave digital filter algorithms are computed, 
and their behavior with respect to truncation in the number of bits 
of the multiplier coefficients are investigated. The results are com- 
pared with conventional digital filter design. It is important to note 
that for all the algorithms under investigation the bilinear transfor- 
mation is used to make the comparison meaningful. 

In order to avoid any confusion in this chapter we use the term 
"multiplier coefficient" for the coefficients of wave digital filter 
algorithms and the term "polynomial coefficient" to denote the coeffi- 
cients a^, a., — ,a^ and b^, b^, — ,bg of H(s) or H(z), of a given 
analogue or digital filter, respectively; where H(s) or H(z) are of 
the form 



H(s) = 



1 



7 6 5 4 3 2 

s +a^s +a^s +a,s +a 7 s +a-,s +a 1 s+a 1 



H(z) = 
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It is also important at this stage to note that since wave digital 
filter multipliers are derived directly from the original L's and C's, 
they can be thought of as a modified or matched L or C elements. Since 



wave digital multipliers are not derived from the polynomial coeffi- 
cients of the transfer function of filter but from L's and C’s of the 
analogue circuit, it is meaningful to compare the effect of bit quanti- 
zation error on wave digital filter multipliers with the effect of bit 
quantization error on L's or C's in a conventional digital filter 
algorithm, and not to compare with the effect of bit quantization error 
on the filter polynomial coefficients. Based upon this argument, the 
original filter L's and C's are quantized in the conventional digital 
filter algorithms and used for comparison purposes. 

B. COMPARATIVE STUDY OF THE ERROR DUE TO QUANTIZATION IN 

THE NUMBER OF BITS IN VARIOUS DIGITAL FILTER .ALGORITHMS 

Coefficient errors introduce perturbations in the zeros and poles 
of the transfer functions, which in turn manifest themselves as errors 
in the frequency response. In Chapter III Section B we defined general 
sensitivity, and in Section C we discussed parameter sensitivity, and 
in Section D sensitivity due to quantization in the number of bits. 

The comparison criteria we have used in this chapter is the root mean 
square error criteria given in equation (3.3) and repeated here in 
greater detail, i.e. 



AH(u-) is the difference in magnitude between infinite 
precision algorithm and the algorithm obtained 

in using a finite number of floating bits in the 
filter multiplier coefficients or component values. 

N is the number of sampling points in the frequency domain- 



N 




i=0 



where 



W(u^) is the frequency weighting function- 
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uk is the frequency associated with the sampling point i 
It should be pointed out that in floating point calculations, the man- 
tissa of the floating number in the binary system is truncated to the 
specified length using sign magnitude representation. However the word 
length requirements of sign and exponent are not counted, since they do 
not enter into the calculations. 



In total nine different normalized low pass seventh order filter 
algorithms were chosen for investigation from the handbook of filter 
synthesis [ 1 ]. These filters are 

i) seventh order .5 dh ripple Chebyshev low pass filter with R s =l, R^=l 

ii) seventh order .1 db ripple Chebyshev low pass filter with. R = 1 , R^=l 

iii) seventh order Butterworth lew pass filter with R =1, R T =1 

iv) seventh order .5 db ripple Chebyshev low pass filter with. R s =0, R^=l 

v) seventh order .1 db ripple Chebyshev low pass filter with R s =0, R^=l 

vi) seventh order Butterworth low pass filter with R s =0, R^=l 

vii) seventh order .5 db ripple Chebyshev low pass filter with. R s =10, R^=l 

viii) seventh order . 1 db ripple Chebyshev low pass filter with. R s =10 > R L =1 

ix) seventh order Butterworth. low pass filter with R s =10 , R^ = l 
Each filter was designed using five different algorithms. 

a) wave digital filter with simple sections, matched to the 
load (i.e. with no delay free path in port two) 

b) wave digital filter with complex sections, matched to the 
load (i.e. with no delay free path in port two) 

c) wave digital filter with complex sections but with reduced 
parameters and matched to the load (i.e. with no delay free 
oath in port two 

d) conventional direct digital filter of the form 
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HCz) = 



KOz'V 



•r ' 1 * a 2 ” - ~ 



1+a ’ : + a,z * a 3 z 3 + a 4 2 " 4 ♦ a s 2 " 5 + a 6 z" 6 * a ? z' 7 



(e) conventional cascaded digital filter of the form 



HCz) - 



KCl+z" 1 ) 7 



^ 1+Ct l Z 1)Cl+a 2 z 1 + B 2 z" 2 ) Cl+^z" 1 + B 3 z’ 2 )Cl+a 4 z“ 1 + 3 z ~ 2 ) 



Note that all the filters are low pass and have zeros at z = 1. Thus 
there is no necessity for pole/ zero pairing in order to optimize the 
response of the cascaded conventional digital filter. Thus all these 
examples are in a naturally optimum arrangement. 

Double precision arithmetic used throughout in order to get 
practically the same result for all five algorithms with infinite pre- 
cision arithmetic for the coefficient or component values. 

The root mean square error in the frequency response for various 
filters under examination were found, and tabulated in Tables 5.1-9. 
The corresponding graphs are drawn in Figs. 5.1-9. Note that in order 
to avoid congestion the error graphs of conventional cascaded digital 
filter are not drawn. 

A sample computer program for each of the five algorithms used is 
given in Appendix 2-A,F. 

C. STUDY OF THE RESULTS OBTAINED 

The study of the graphs for all different algorithms clearly indi- 
cate the following points: 



35 




86 



Table 5.1. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in nunber of bits of the multipliers for the normalized 7 th order low pass 
.5 db ripple CJiebyshev filter with JR =1.0. (Case i) . Mote that all -algorithms with infinite 
precision in the number of bits are identical. 
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Table 5.2. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in number of bits of the multipliers for the normalized 7th order low pass 
.1 db ripple Gielyshev filter with R s =1.0 (Case ii) . Note that all algorithms with 
infinite precision in the lumber of bits are identical. 
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Table 5.3. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in number of bits of the multipliers for the normalized 7th order low pass 
Butterworth filter with R = 1.0 (Case iii) . Note that all algorithms with infinite 
precision in the number of bits are identical. 
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Table 5.4. Root mean square error of the frequency response of various filter algorithms due to the 

quantization in number of bits of the multipliers for the normalized 7 th order low pass .5db 
ripple Chebyshev filter with U s =0 (Case iv) . Note that all algorithms with infinite pre- 
cision in the number of bits are identical. 
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Table 5.5. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in number of bits of the multipliers for the nonnalized 7 th order low pass 
.1 db ripple Chebyshev filter with R =0 (Case v) . Note that all algorithms with infiniti 
precision in the number of bits are identical. 
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Table 5.6. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in nunt>er of bits of the multipliers for the normalized 7th order low pass 
Butterworth filter with R s =0 . 0 (Case vi) . Note that all algorithms with infinite pre- 
cision in the number of bits are identical. 
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Table 5.7. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in number of bits of the multipliers for the normalized 7 th order low pass 

.5 dli ripple Chebyshev filter with R =10 (Case vii) . Note that all algorithms with in- 
finite precision in the number of bits are identical. 



1 
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Table 5.8. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in number of bits of the multipliers for the normalized 7 th order low pass 
.1 db ripple Chebyshev filter with R =io (Case viii) . Note that all algorithms with in- 
finite precision in the number of bits are identical. 
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Table 5.9. Root mean square error of the frequency response of various filter algorithms due to the 
quantization in nunber of bits of the multipliers for the normalized 7th order low pass 
Butterworth filter with R =10 (Case ix) . Note that all algorithms witTTTnfinite pre- 
cision in the number of bits are identical. 



Root mean square error 



1x10 



1x10 



1x10 



1x10 



1x10 



1x10 




1x10 



Root mean square error 
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Number of bits 



Root mean square error 
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Number of bits 



Root mean square error 
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Number of bits 



Root raean square error 



xlO 



.xlO 



1x10 



1x10 



1x10 



1x10 



1x10 
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Nuirber of bits 



Root mean square error 




100 



Number of bits 



Root mean square error 
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Number of bits 



Root mean square error 
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Number of bits 



Root mean square error 
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Number of bits 



(1) The logarithm of rms error versus the number of bits for the 
direct conventional digital algorithms follows a straight line for 
all seventh order filters and they all pass close to the point of 
error = 1 at bits = 0 with a slope of approximately 3 db per bit. 

Also the rms error of the conventional direct digital filter is never 
worse than the other filter algorithms. 

( 2 ) For filters with source resistance R s = 1 and = 0, the rms 
error graphs for the simple wave digital filters are exactly the same 
as that of direct conventional digital filter, with the same slope. 

For filters with R g = 10, the rms error graph for the wave digital 
filter is worse than the conventional direct digital filter. This error 
behavior is very interesting and shows that wave digital filters do 
have a higher sensitivity to filter terminating resistances. 

(3) The rms error graph for the complex wave digital filter for 
R s = 1 and R g = 0 is worse than that of simple wave digital filters, 
with approximately the same slope. 

(4) The rms error graph for reduced parameter complex wave digital 
filters with R $ = 1 and R g = 0 in some cases is slightly worse than 
that of complex wave digital filter, but with approximately the same 
slope. 

(3) The rms error performance for all wave digital filters with 
R 5 = 10 is approximately the same, after first four or five bits, and 
the rms error graph tends to follow a straight line. Departure from 
the straight line is more noticeable for the simple wave digital 
filter than the complex wave digital filter or the reduced parameter 
complex wave digital filter for the first six or seven bits. 
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(6) Although, ideally we expect the two conventional digital 
filters (i.e. the direct and cascaded digital filters) to have the 
same rms error, the factorization process used for the denominator 
introduces some slight error in the pole locations, which in some 
cases changes the rms error value. 

D. COMPARISON OF RESULTS WITH EACH OTHER AND WITH 

THOSE PUBLISHED IN THE LITERATURE 

The results obtained in this chapter and in Section C indicate 
the following points when compared with each other and with results 
published in literature: 

(1) For all purposes the digital filter derived directly from 
analogue doubly terminated LC structure is the least sensitive struc- 
ture with respect to filter component values. This fact should not 
be confused with the sensitivity of the digital filter to polynomial 
coefficients. The foregoing also apply to band pass or band stop . 
filters derived from analogue low pass LC realization. 

(2) It is worthwhile to consider the structure of wave digital 
filters compared with the structure of analogue LC doubly terminated 
filters for cases under study (i.e. seventh order low-pass filters). 

The total number resonances in the analogue LC filter shown in Fig. 

5. 10^ is ten. These are evenly distributed resonances and can be 
compared with the total number of delay free feedback paths in the 
wave digital filter, which for the case of simple wave digital filter 
is eight as shown in Fig. 5.11. Note that the delay free feedbacks 

are localized towards the source for wave digital filters with no delay 
free path in port two. Also, as shown in Fig. 5.12, the total number 
of delay free feedback paths for complex wave digital filters is five, again 
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localized towards the source end. Had we designed the wave digital 
filter with no delay free path in port one this localization would 
have occurred towards the load end. Now with the above points in 
mind we can establish the following: 

(a) from the results of the large number of different filters 
studied in this chapter, it is apparent that wave digital filters do 
exhibit a high sensitivity to terminating resistances. For the case 
of filters with low terminating source resistances (i.e. R s =0 and 
R s =l) the rms error behavior of the wave digital filter is almost 
identical to direct digital filter derived from the analogue LC struc- 
ture, because of the localization of the delay free feedback paths 
towards the low resistance termination. For the case of the filters 
with high source resistance, the localization of the delay free feed- 
back path occurs towards the high resistance termination; thus the ims 
error, compared with that of the direct digital filter, is worse; this is due 
to the localization of the delay free feedback in the high sensitivity 
port of the filter. Had we designed the high resistive source 

impedance filters with no delay free path in port one, (thus directing 
the localization of the delay free feedback paths towards the load end) 
we would have obtained a better performance. 

(b) The rms error performance of simple wave digital filters were 
considerably better than complex wave digital filters for low source 
resistances (i.e. R s =0, R =1) . Thus rms error behavior can be explained 
as follows because there are fewer delay free feedback paths for the 
complex wave digital filters. This feedback occurs in fewer sections 
and the error performance gets worse. For high source resistance, i.e. 
R s =10, the rms error performance for all wave digital filters after 
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fifth or sixth bit becomes almost identical. This can be explained 
because of the high sensitivity of the wave digital filters to the 
terminating high source resistance. Thus the localized delay free feed- 
backs near the source increases the error performance for the simple 
wave digital filter while for the complex wave digital filter, with 
fewer feedbacks, the sensitivity to high source impedance drops. There- 
fore the two algorithms tend to give nearly the same rms error per- 
formance. 

(c) In some cases especially for lower source impedances the 
ims error performance of reduced complex wave digital filter is slightly 
worse than that of complex wave digital filter. This is probably due 
to the fact that, when the truncation process is done on a large number 
of multipliers, the effect of truncation tends to be compensating, but 
if the number of multipliers are reduced, this equalization is less 
evident . 

(5) From the above discussion we can conclude that the ultimate 
rms error performance of wave digital filters tends to that of the 
directly digitized analogue resistively terminated LC filters. To achieve 
this ultimate performance in designing the wave digital filter, we have 
to use simple sections as much as possible, and also since terminating 
resistances are the most important we must direct the delay free port of 
wave digital filters towards the low resistance termination. 

(4) If we wanted to make a band pass or band stop filter, which 
has LC tank circuits, the complex wave digital filter derived from 
these LC sections would not give the same rms error performance as that of the 
original conventional digitized LC filter. !^oreover the algorithms for 
complex wave digital filters derived from LC tank circuits in the 
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literature [2], [3] are of the reduced parameter type complex wave 
digital filter, which furthermore have poorer error performance as 
can be seen from the graphs in some cases. 

In Chapter VTI we discuss briefly how to design a simple wave 
digital filter algorithm for a given band pass or band stop specifi- 
cation. It is expected that these filters will have better error 
performance than the complex wave digital filters given in the 
literature [2] and [3]. 

(5) it is also interesting to note that, after familiarization with 
wave digital filter theory, it is much easier to design a wave digital 
filter derived from analogue LC filters than to design a direct con- 
ventional digital filter both derived from the same analogue LC 
filter. Thus the wave digital filter is a practical design technique. 
Furthermore in order to reduce the rms error performance of wave 
digital filters we can even make use of a combination of complex wave 
digital and simple wave digital algorithms. For example when we have 
a high source impedance, we can make use of one or two complex sections 
near the high resistance end, followed by several simple sections later 
on. 
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Ill 



VI. DERIVATION OF PARTIAL SENSITIVITY 
FUNCTIONS OF WAVE DIGITAL FILTERS 



A. INTRODUCTION 

The main intent of this chapter is to derive the sensitivity of 
wave digital filter with the aid of partial differentiation of the 
filter algorithm with respect to wave digital filter multiplier coeffi- 
cients, i.e. o's and <p. Having found these sensitivity functions the 
sensitivity of wave digital filter with respect to the original filter 
component values, i.e. L's, C's, R , and R. were found. 

o I_i 

Finally the behavior of these two sensitivity functions are investi- 
gated and compared with each other in the frequency domain and with 
the results obtained in Chapter V. 



B. DERIVATION OF THE SENSITIVITY FUNCTION OF WAVE DIGITAL 
FILTER DUE TO VARIATION IN MULTIPLIER COEFFICIENTS 

The general wave digital algorithm for the third order filter given 

in Fig. 6.2, with no delay free path in port two, is of the form of 

equation (6.1) 



a n (z) 



b- L1 (z) 



fj_ (c r z) 



f 2 ( a 2 ,z) 



f 3 (a y z) 



b 32 (z) 



(pb^ 2 (z) 



( 6 . 1 ) 



where f , f ? , and f_ are 2x2 matrices of the general form of 

JL ^ 0 



f x (c ] _ , -) = 



a^+Bq 2 

1+Yt 2 ' 1 
1 -1 
a 3+ S 3 z 

1 + Y?z 



a 2 +S 2 



-1 



1 + V. 

a 4 + ^4 z 

1+ Y 4 2 



-1 



-1 
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Fig. 6.1. A general third order doubly terminated analogue low pass 
LC f i 1 ter . 




Pia. 6.2. The wave digital filter derived from the analogue LC filter of 
Fig. 6.1 with no delay free path on port two. 
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where ou, 3^, y^ are functions of o^. 

From Fig. 6.2 the transfer function of the filter in the time domain 
as depicted in Chapter IV and also explained in Appendix 1A with unity 
impulse input will be 

h(nT) = b, 2 (nT) = h^, a 2 ,~ -<j>) (6.2) 



Thus the transfer function of the filter in the frequency domain will be 



N 



H(a r 0 2> — +) b 32( nl >' j 



jojnT 



n=0 



and the sensitivity of the filter due to variations in o^ in the fre- 
quency domain is given by 



3H(o 1; o 2 — «) _ 1H ^ 3b. 2 (nT) 

3a.. 2 L 3a. e 

1 n=0 1 



Note that from equation (6.1), the matrices f-,, f 3 are not functions of 
a^. Thus the derivative of equation (6.1) with respect to will be 



I 

o 
















3b 32 (2) 






fcpZ) 




f 2 (a 2 ,z) 




£ 3 (o.,2) 




3a^ 






3a^ 










3b n (z) 
















^ 3b 32 (z) 


3a^ 
















* da 1 



Note a^ (z) is input and is independent of also. 
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A closer look at equation (6.2) reveals that with unity impulse input, 
the time domain sensitivity function of the filter with respect to is 

ahCopOj,— 40 _ 3b 32 

3a 1 1 2 J 3a 1 



Thus to find the sensitivity function of the filter with respect to 

all we have to do is write the complete iterative equations of the 

filter from equation ( 6 . 1 ) and then differentiate them with respect to 

a^. Note that in doing so actually all the iterative equations derived 

from matrices f ? (o 7 ,z), f-(a-,z) will not be effected and the only 

iterative equations being differentiated will be that of matrix 

f.(a, ,z). So in general we can find ■§— , i.e. the sensitivity of the 
b a n 

wave digital filter with respect to all wave digital filter multiplier 

coefficients o . For the special case of -s— from equation (6.2) we have 
n 09 



and the filter sensitivity function with respect to 4> in the frequency 
domain will be 

3H(o 1 ,a 2 — <D) ^ ^ r b 32 ^ nT) u (1+*) 3b 32^-jumT 

3® L 2 2 34> jS 

n =0 

Tne above procedure can best be illustrated with the aid of a simple 
example. 

Example 1 

Given the third order wave digital filter of Fig. 6.2 which is 
derived from the doubly terminated LC filter of Fig. 6.1; it is required 
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to find the sensitivity function of the filter with respect to in 
the frequency domain. The wave digital filter is with no delay free 
path in port two. 



Procedure 

The iterative equations of the wave digital filter of Fig. 6.2 in 
the time domain with the aid of Table 4.2b and with all initial condi- 
tions set to zero are: 



b^T y.n) ^ll (n) ~ i ) ~^1 ^ ^ + ^1 ^1 2 ^ j 7 (ti- i) ) 

a 21 (n) = b 12 (n) 

b 22 (n) = a 72 (n-l)+c 2 (a 21 (n)+a ?1 (n-l)-a 22 (n-l)-b 22 (n-l)) 
a 51 (n) = b 22 (n) 

b 32 (n) = a 51 (n)+a 31 (n-l)-a 32 (n-l)+o 3 (a 32 (n-l)-b 32 (n-l)) 
a- 2 (n) = b 32 (n) • <J> 

b 31 (n) = a 31 (n)+a 3 Ca 32 (n)-a 31 (n)+a 32 (;n-l)-b 31 (n-l)) 
a 72 (n) = b 31 (n) 

b 21 (n) = a 7? (n)-a 71 (n)+a 7? (n-l)+a 2 (a 21 (n)-b 21 (n-l)) 
a 17 (n) = b 71 (n) 

o^j (tO — a xl (n) J -o 1 (a 17 (n) -an (n) +3.^ (n-1) -bn (n 1)) 



Note that to find the transfer function of the filter in the time 
domain, the input a 22 <n) will be 



a 22 (n) = 



1.0 



n=0 



n^O 
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and the iterative equations after partial differentiation with respect 
to c^ are 

3b 12 (n) 

3a^ 

3a 21 (n) 



3b 22 Cn) 3a 22 (n-l) 3a 21 (n) 3a 21 (n-l) 3a 2? (n-l) 3b 22 (n-l) 
Sa^ 3a^ + a 2%j^ + 3a^ 3a^ 3a^ ^ 
etc. 

and in this way, we differentiate all the equations in equation (6.4) with 
respect to a^ up to 



3a 12 (n-l) 

3cm 



* a 12 (n ' 1) - b 12 (n ' 1)tCT l ( 35' 



3a 12 (n-l) 



SblzCn-D, 

3a. 



3b 12 (n) 

3a, 



(6.5) 



3a 12 (n) 



3b ?1 (n) 

3a, 



3b 



11 



3a 12 (n) 3a 12 (n-l) 



3a, 



■ a 12 (n) ' a ll Cn) * a 12 fe '®' b ll Cn_1) * a l ( 35r * 55 



3b 1]L (n-l) 



3a. 



9 



Thus the sensitivity function of the filter in the time domain from 
equation 6.2 is 



3h(nT) _ r l + 6^ 
3a 1 1 2 J 

and the sensitivity function of the filter 
be 



N 



3b 2 2 (nT) 



in the frequency domain will 



3H(uj) _ v-' 3h(nT) -junT 
3a. 2L/ 3a. e 

1 n=0 1 
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where T is the sampling interval, to is the frequency of input signal, 
and N is chosen large enough for transients due to the inpulse response 
to decay. 



C. DERIVATION OF SENSITIVITY FUNCTION OF WAVE DIGITAL FILTER IN THE 
FREQUENCY DOMAIN WITH RESPECT TO ITS ORIGINAL COMPONENT VALUES, 

I.E. L's, C's, R , AND 

As noted in Table 4.1 and 4.2 and mentioned in Appendix 1-A, there 

exists a one to one relationship between the wave digital multiplier 

coefficients, i.e. c's and the reflection coefficient <J> of the wave 

digital filter, with the original filter component values, i.e. L's, 

C's, R s , and R^. Thus in order to find the sensitivity of the wave 

digital filter algorithm with respect to original filter component 

values, the best way is to find the sensitivity of the wave digital 

filter with respect to wave digital filter multiplier coefficients, i.e. 
3H(c,,o 2 — 4>) 

, etc. and from these, the sensitivity of the wave digital 

filter with respect to original filter component values, i.e. 



3H(L t ,C 2 ,L--~ ,R RJ 

■rj , etc. can be found. This procedure can best be 

oL^ 

illustrated with the aid of an example, the results of which will be 
used later on to find the semi -logarithmic sensitivity (or percentage 
sensitivity; or normalized sensitivity) °f a seventh order 
low pass resistively terminated wave digital LC filter with respect to 
original components (i.e. L's, C's, R , and R^) . Later on these nor- 
malized sensitivity functions will be compared with that of the 
normalized sensitivity functions of the wave digital filter with respect 
to wave digital filter multiplier coefficients (i.e. a's and <f>) . 
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Example 2 

Given the sensitivity functions of the seventh order low pass wave 
digital filter of Fig. 6.4, designed with no delay free path in port two 
from the original LC structure of Fig. 6.3; it is required to find the 
sensitivity function of the wave digital filter with respect to original 
wave digital filter component values. 

Procedure 

Since the wave digital filter is of the type with no delay free 
path in port two, from Table 4.2 we have 



a l 



Vh 

^2 ^1 + L]_ 






( 6 . 6 ) 



where R, = R . 

1 s 

Also at this stage it is important to note that L and C compo- 
nents of the filter used in equation (6.6) and in the remainder of 

^cd^ 

the example are predivided or premultiplied by the factor tan - 7 - / 

w in order to take into account the effect of the sampling period 

and also the critical frequency of the digital filter, where is 

the critical frequency of the digital filter in rad/sec and o> is 

the critical frequency of the analogue LC filter in rad/sec and T 

is the sampling time in sec. This factor is obtained by the multi- 

a cd T 

plication of the prewarping factor, i.e. 2 tan /T w by the 

2 c 

sampling factor of the reactive components of the wave digital filter, 

“cd T ft ,T 

i.e. T/2. The factor tan — — /oj reduces to tan when the 

critical frequency of the original analogue filter is normalized at 
w c = 1 rad/sec. 
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Fig. 6.3. Seventh order low pass analogue double resistively 
terminated LC filter. 




Fig. 6.4. The wave digital filter derived from the seventh order 
analogue LC filter of Fig. 6.3 with no delay free path 
on port two. 
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Thus from equation (6.6) 



G 



2 



a l G l 



(6.7) 



where 



Also 




G, G 

b : - cr * <r 



2 + C 2 



( 6 . 8 ) 



and 



R, = 
o 



a 2 R 2 



Also from equation (6.7) and (6.8) we have 



thus 



a l G l 

°2 = a 1 G 1 +C 0 = f t a i» C 2 ) 



(6.9) 



9a 2 _ G x C 2 

3a l (a 1 G 1 + C 2 ) 2 (a 1 +R 1 C 2 ) 2 



( 6 . 10 ) 



In the same way 



R o ? R 

a 5 ~ RTTlT ' a^R^+L, " f(a 2 ,L 3 ) 

j J 2 2 o 

Sc 5 _ R 2 L 5 

5a 2 (a^+L.) 2 



( 6 . 11 ) 



( 6 . 12 ) 
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(6.13) 



a 4 




3a- 

a 



a- 




3a 4 

a 6 

3 °6 

■3oJ 

°7 



G 4 


a 3 G 3 


V C 4 


a 3 G 3 +C 4 


G 3 C 4 




(o.G 3 *C 4 ) 2 


R S 


_ °4 R 4 


R 4 +L S 


" a 4 R 4 +L 5 


R 4 L 5 




(a 4 R 4+L 5 ) 


G 6 


_ a 5 G S 


VS 


°sV C 6 


G 5 C 6 




(°5 G 5 +G 6' ) 


R- 

/ 


°6 R 6 


Ry + L~r 


a 6 R 6 +L 7 



= f(o 3 ,C 4 ) 



f (° 4 >L^) 



= f(a 5 ,C 6 ) 



= f(a 6 ,L ? ) 



(6.14) 



(6.15) 



(6.16) 



(6.17) 



(6.18) 



(6.19) 



3c 7 = R 6 L 7 
3o 6 ' (o 6 R 6 *L ; ) 2 



4> 



R L ~ % = R L ' G 7 g 7 
R L + ^ R L + G 7 a 7 






8o 




- 2G 7 R L 



( R L +G 7 a 7 ) 



( 6 . 20 ) 



( 6 . 21 ) 



( 6 . 22 ) 



Note that from equation (6.21) it can be seen that 

^ ~ C2, Lj, C 4 , , Ly,R s ,R^) 
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Note also that the transfer function H of the filter is a function of 



e^, 02 > etc., i.e. 



H f(0^, 02 j »0y> 6) 



(6.23) 



and also 



H - C2, L^, ,Ly,R^,R^) 



(6.24) 



9H 9H 

Thus if we have we can derive -^p— from (6.23) by writing all 



3R 



3H 



partials of from equation (6.23), i.e. 



3H 


30-^ 


+ . ^2 + 


3H 


30, 


301 


* ^7 


30 2 3R S 


30, 

a 


4 

3R 

s 


3H 

30 4 


30 4 

* 3R” 

s 


. 3H 3a 5 

— i — 1 ^— • ■ ■ 

30- 3lT 

5 s 


3H 

30 6 * 


3a. 

3IT* 

s 


3H 


30y 


3H .36 






30, 

7 


* sir 

s 


36 3R 

s 








3H 


, 3H + , 
A 2 3V; A 3 


3H 


+ a 3H 
A 4"3a^ 


A l 


30-^ 


‘ 3a 3 


A, - 
0 


3H_ + 

30, 


A 6'Io~ * A 7 


. 

30y 


• A 3H 
+ V 30g 



(6.25) 



(6.26) 



to find A^, A^, A,, etc. we have from equation (6.6) with. R^ = 






30j 

w 



(6.27) 



(V L P 

and from equation (6.25) and the chain rule 



Ao = 



302 302 90 ^ 



2 3R 30, 3R^ 

sis 
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Thus from equations (6.10) and (6.27) we have 



A 2 * V 



c 2 r i 



C°1 +C 2 R i) 



and in the same way 



, . 3g 3 . , R 2 L 3 

3 3R s ' 2 ' (°2 R 2 +L 3' )2 



^ a 4 ^3^4 



_ 3a 5 _ R 4 L s 

■ 5 " 3R S " 4 * W .)- 



3<J r 

a - 6 _ . 5 6 

A 6 ^R" A 5 % “ " “ 72 

s ta.G 5 *C 6 ) 



3a? 



A = ^ = A 

A 8 W 7 
s 



’“A 



( a 7 G 7 + \) 



(6.28) 



(6.29) 



(6.30) 



(6.31) 



(6.32) 



(6.33) 



(6.34) 



Thus from equations (6.26) to (6.34) we can find the sensitivity of the 

wave digital filter with respect to = R^. To find the sensitivity 

3H 

of wave digital filter with respect to L^, i.e. from equation (6.24) 
we can write 
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3H 



. 3H 


3a l ^ 3H 


3a 2 h 3H 


3o 3 , 


3H 


3a 4 


3a-^ 


3L^ 3a ? 


3L-, 3a~ 

1 0 


3Lj 


3a 4 


3L X 




3g 5 ^ 3H 


3a 6 ^ 3H 


3a 7 


3H 


, 34> 


3a. 


3L^ 3a^ 


3L^ 3 Oy 


3L^ + 


34> 


3L 1 


= B, • 


™ + B, . 


iIL + B . 


3H + 


R 


3H 


1 


3a 1 2 


3a 2 B 3 


3a 3 


C 4 


3a 4 



(6.35) 



+ B P 



M_ + R 

3 O r / 



»L + B . M. 

3a y 8 3<j> 



(6.36) 



To find Bp B-,, B-, etc. we have from equations (6.6), and (6.36) 



„ . 

1 3L 1 (R^q) 2 



(6.37) 



and from equation (6.35) and the Chain Rule 



3 o -y 302 3o^ 

B 2 3L^ 3o^ 3L^ 



Thus from equations (6.10) and (6.37) 



B 



2 




G 1 C 2 



(a^c,)' 



ifzV 

CR 1 "L 1 ) 2 (a 1 +R 1 C 2 ) 2 



and in the same way 



B, 

j 



3a -t 

3L^ = B 2 



3o 4 

B 4 = 3l^ " B 3 



¥5 

l°2W 2 



Cc 3 g 3 *c 4 ) 2 



(6.38) 



(6.39) 



(6.40) 
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dO q 

B S - 3lf - B 4 



R 4 L 5 



( a 4 R 4 +L s) 



(6.41) 



do, 

h'-iq-h 



G 5 C 6 






(6.42) 



3a, 

B_ = ^r- = B, 
3L^ 6 



R - 3<i) - R 

B S B 7 



R 6 L 7 



l '°6 R 6 +L 7- 1 



(6.43) 



(6.44) 



Thus from equations (6.36) to (6-44) we can find the sensitivity of the 

wave digital filter with respect to L^. 

To find the sensitivity of wave digital filter with respect to C 7 , 
3H 

i.e. from equation (6.24) we can write 



3H 


_ 3H 


. !!i . 


3H 


3a 2 


3H 


3a, 
a , 


3H 


3a 4 


3C 2 


3a ^ 


3C 2 


3a ? 


' sq + 


3a 3 * 


3C 7 


3a 4 


* sc; 




+ 3H , 


3a, 

► ^ 4. 


3H 


. 3G 6 + 


3H_ , 


3a- 

‘ + 


3H 


, d<P 




3a 5 


3C 2 


3 °6 


3C 2 


dOj 


3C 7 


3a 


dC, 



(6.45) 



or 



3H t, 3H ^ n 3H ^ n 3H ^ n . 3H ^ n 3H 

3C 7 D 1 3a 1 °2' 3a 9 D 3‘ 3a_ °4 3a 4 D 5‘ 3a 5 



„ 3H , n 3H , n 3H 

+ D^* » + D,* -77 + Dw 7T— 

6 3a g 7 3a, 8 3ag 



(6.46) 



Note that the coefficient of the first term, i.e. - 0. 
From equation (6.9) 
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(6.47) 



D 2 



3 -G 0 
3C 2 (G 2+ C 2 ) 2 



and from equation (6.45) and the Chain Rule 

3a, 3a- 3 a~ 

n_ = — - = — - . £ 

a 3C 2 3a ? 3C 2 



(6.48) 



Thus from equations (6.12) and (6.47) 



D 3 = D 2 



R-L- 



(a 2 R2 +L 3) 



and in the same wav 



D, = 



D- 

o 



G 3 C 4 



(a 3 G3 + C 4 ) 



D 5 = D 4 



R.L- 
4 3 



( a 4 R 4 +L 5 ) 



D* = 



D- 

O 



G 5 C 6 



(o.G 5 < 6 )' 



D- 

/ 



= d £ 



R 6 L 7 



D 8 = D 7 



(° 6 W 

~ 2G 7 R L 

(a 7 G 7 + R L )' 



(6.49) 

(6.50) 

(6.51) 

(6.52) 

(6.53) 

(6.54) 



Thus from equations (6.46) to (6.54) we can find the sensitivity of the 
wave digital filter with respect to C 7 . 

To find the sensitivity of wave digital filter with respect to 
L-, C^, L_, Cg, L 7 in the same way we have 
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+ %* 3<j) 



(6.55) 



3H 

3L, 



- 3H_ + n .3H_ + c 9H_ + 3H x ^ 3H 
“3 3a_ 4 3a^ “5 3a^ Eg 3 ^ E 7 3 a, 



and 



3H 
3C , 



P.. 15 . ♦ p..|S_ . P ,.|a_ „ P ,.|g_ + P - aw 



4 3a. 5 3a. 6 3 a, 7 3 a 7 8 3(j) 



3H n 3H n 3H . 3H , 3H 

= Qq’^T- + Q^-STT" + Qy 577- + Qs* 



3L, x 5 3a s H 6 3 a g x 7 3a ? x 8 3<f> 



3H ~ 3H_ ~ 3H_ , c 3H 

3C, 6’ 3a, V 3a. " b 8 3d> 

0 0 / 



9H_ =U . i!L + U -2L 

3L y / 3a ? u 8 34> 



3H _ . 3H 

3R t 8 3® 



where 



E, 

a 



-R. 

a 



C V L 3)' 



G-C, 
E, = E,- — 



E, = E 



(a 3 G 3 +C 4 ) 

^5 

4 '^VV 7 



E, - E.. 



G 5 C 6 






E, - 






R 6 L 7 



E„ - E 



ta 6V L 7 ) 
T (°7 G 7 +R L ' ) * 



(6.56) 

(6.57) 

(6.58) 

(6.59) 

(6.60) 

(6.61) 

(6.62) 

(6.63) 

(6.64) 

(6.65) 

(6.66) 
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and 



- G 4 

P 4 = — 7 

(g 5 * c 4 ) 2 



P 5 ■ P 4' 



R 4 L 5 



P 6 - P 5* 



P 7 ' P 6* 



P S ' P 7* 



(°4 R 4* l 5 ) 



(°5 G S tC 6> : 



C°6 R 6 +L 7 ) ' 

■*h*L 

(°7 G 7 +p lP 



and 



-R, 



Q5 7 

(R s *L 5 ) 2 



G 5 C 6 



Qg Qq* J 

R fi L 7 

Q = Q ,--2-! j 

(°5 R 6*M 



and 



% - 



-G- 



2G 7 R L 



^ a 7 G 7 +R lP 



36 ’ 



S 7 " S 6' 



S S ' S 7* 



R 6 L 7 



-I 



-2G.Rl 



and 



C°tW 



-R- 



U 7 = — 2 

Oy L ? ) 2 



U 3 = U 7* 



■ 2G t\ 



C ff 7 W 



(6.67) 

( 6 . 68 ) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 

(6.75) 

(6.76) 

(6.77) 

(6.78) 

(6.79) 

(6.80) 
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and 



v s = 



2G 7°7 

f°7 G 7*V 



(6.81) 



Thus we can find the sensitivity of wave digital filter with respect to 
the original filter component values. 



D. EXPERIMENTAL STUDY ON THE INTERNAL SENSITIVITY 
BEHAVIOR OF WAVE DIGITAL FILTERS 

In order to analyze the internal sensitivity behavior of wave digital 
filters with respect to the multiplier coefficients and compare them to 
the sensitivity of wave digital filters with respect to the original 
filter component values, in total nine different seventh order low pass 
filters were taken from the Handbook of Filter Synthesis [1] with source 
resistances varying from 0 to 10 ohms. The sensitivity behavior of these 
filters in the frequency domain with respect to both wave digital filter 
multiplier coefficients and the original filter component values were 
found using the procedures set in examples 1 and 2. These filters were 

i) seventh order .5 db ripple low pass Chebyshev filter with R s =1.0 

ii) seventh order .1 ab ripple low pass Chebyshev filter with R s =1.0 

iii) seventh order Butterworth low pass filter with R s =1.0 

iv) seventh order .5 db ripple low pass Chebyshev filter with R s =10.0 

vl seventh order .1 db ripple low pass Chebyshev filter with R s =10.0 

vi) seventh order Butterworth low pass filter with R s =10.0 

vii) seventh order .5 db ripple low pass Chebyshev filter with R s =0.0 

viii) seventh order .1 db ripple low pass Chebyshev filter with R s =0.0 

ix) seventh order Butterworth low pass filter with R s = 0.0 
Note that these filters are the same filters investigated in the sensi- 
tivity analysis of Chapter V. In order to make the comparison between 
the two sensitivity functions, i.e. sensitivity with respect to wave 
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digital filter multiplier coefficients and sensitivity with respect to 
wave digital filter original components more meaningful, the semi- 
iogarithmic sensitivity function which is in fact normalized or percentage 
change in sensitivity is used. These normalized sensitivity functions 



are 



3H 

3a 



n 



• a n and are plotted on the same graph in the frequency domain 



in Figs. 6.5 to 6.11. 

Note that there are nine variables for the seventh order filter in 
terms of original components (i.e. C 2> L 3 , C 4 , L 5 , C & , L ? , R and 

R^) while there are eight variables for the filter with no delay free 
path in port two (i.e. a^, a 0 , — a, and <f>) , since the source reflection 
coefficient, 9 is made equal to zero. Thus the curves of 



3H 

3R_ 



• R are 
s 



plotted on a single graph. The remainder of eight variables are plotted 

3H 

on the same coordinates, i.e. — • L. is plotted on the same coordinate 

0 Li-i j- 

3H . _ 3H „ . ,, . 3H 



as 



3a, 



a. and so on. Finally 



TR * P-*- ottec * wiP^ 1 frp * $ on the 

L 



same coordinates. It is important to note that for the filters with 
R = 0, the normalized partial sensitivity -* — • a, equals to zero since 

S <3G^ X 

= 0 when R^ = R g = 0. Also we note that for this special case 

3H 3H 

= 0 since in equation (6.26) all the coefficients of are zero 

with R^ = R g = 0. Thus for these reasons for when R s = 0 we have 

3H 

a^ and we also note that 



i , , 3H t , 3H 

plotted only rather than - 

zero for all frequencies. 



is 



E. ANALYSIS OF THE INTERNAL STRUCTURE OF THE WAVE DIGITAL FILTERS 
IN FREQUENCY DOMAIN USING FILTER PARTIAL SENSITIVITY FUNCTIONS 

Although all the filters under investigation are seventh order low 

pass, they were chosen to be as different from each other as possible, 

in type and source termination resistances. As mentioned earlier these 

filters are identical to those analyzed in Chapter V for sensitivity 
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Normalized 






Fig. 6.3. Continued 
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Non normalized 





Fig. 6.3. Continued A 

Note that for the special case of R =0, non 
normalized sensitivity function 3H are plotted. 

3R 

s 
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Normalized 

magnitude 




Normalized 




Normalized. 




Fig. 6.6. Continued 
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*3 

UNon normalized 
magnitude 

5.105 



* 

g) seventh order .5 db Chebyshev 
low pass filter with R s =0 



++ 



9H 

^7 




frequency radians/ sec 




*5 



Non normalized 
magnitude 
4.7984 



s 






h) seventh order .1 db Chebyshev 
low pass filter with R s =0 




frequency radians/sec 



Non normalized 
magnitude 
3.7548 



* 

i) seventh order Butterworth low- 
pass filter with R s =0 





frequency radians/ sec 



Fig. 6.6. Continued *For the special case of R s =0 non normalized curves 

are plotted. 
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- Normalized 





Fig. 6.7. 



The graphs of normalized sensitivity function, 
of various simple wave digital filters. 
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Fig. 6.7. Continued 
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; Normalized 




s Normalized 




Fig. 6.7. Continued 
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' Normalized 






Fig. 6.8. Continued 



142 



s Normalized 




= Normalized 





Fig. 6.8. Continued. 
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Fig. 6.9. Continued. 
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Normalized 




Fig. 6.9. Continued. 
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Fig. 6.10. The graphs of normalized sensitivity function,, 
of various simple wave digital filters. 
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Fig. 6.11. Continued 
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Fig. 6.12. The graphs of normalized sensitivity function, 
of various simple wave digital filters. 
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Normalized 





5 Normalized 




Fig. 6.12. Continued 
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; Normalized 





Fig. 6.12. Continued 
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Normalized 
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Fig. 6.13. Continued 
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Fig. 6.13. Continued 
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in the frequency domain. Thus it is expected that the product of the 
sensitivity study of this chapter to conform to the bit 
truncation study of the Chapter V. It is important to emphasize that 
in this chapter only the internal sensitivity behavior of the simple 
wave digital filters is considered. 

Analysis of the normalized partial sensitivity function curves of 
Figs. 6.5, 13 reveal the following. 

1) Both sensitivity functions, i.e. sensitivity due to wave digital 
filter multiplier coefficients and sensitivity due to the original wave 
digital components peak at the critical frequency in all cases. This 
can be expected, since it is well known that the digital filters in 
general exhibit high sensitivities around the critical frequency of the 
filter. The critical frequency of the filters under investigation was 

1 radian/sec and this point has been marked by a vertical line on 
all the sensitivity graphs in Figs. 6.5, 13. 

2) In general the normalized sensitivity due to multiplier coeffi- 
cients are smaller than sensitivity due to original filter components 
for the first sections. Gradually this difference gets smaller and 
for some few cases in the last section it reverses. This is reasonable 

since it can be expected that earlier multiplier coefficients will have 
lower sensitivity than the coefficients associated with the later sections. 

3) At low frequencies, the normalized sensitivity of the wave 
digital filters due to multiplier coefficients are slightly larger than 
the sensitivity of the filter to the original filter components. This 
effect reverses in the mid and high frequencies. 

4) The sensitivity function of the wave digital filter with respect 
to the source resistance increases with increasing source resistance, 

as evident from Figs. 6.5, 13. 
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5) The sensitivity with respect to terminating load resistance and 
reflection coefficient have exactly the same pattern as evident from 
equation (6.60). Apart from this fact it is important to note that both 
sensitivity functions tend to follow the frequency characteristic of 
the original filter. This can be seen from the graph 6.13 for the case 
R g = 10. As decreases the fluctuations in the sensitivity curve in- 
creases while following the same pattern. In fact for R s =0 these fluctua- 
tions increase to such an extent that at some frequencies the sensitivity 
becomes negligible. This phenomenon is also evident in the multiplier 
coefficients of the last few sections of the wave digital filter but 

to a lesser extent. 

6) In general the sensitivity of the wave digital filter due to 
variations in multiplier coefficients is lower than the sensitivity of 
the wave digital filter with respect to the original component values. 

7) Also it is worthwhile to note that the high sensitivities 
observed for high source resistances in wave digital filters algorithms 
with no delay free path in port two are in complete agreement with the 
results obtained in Chapter V. 
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VII. CONCLUSION 



A. INTRODUCTORY REMARKS 

It is important to note that in this thesis, whenever appropriate, 
detailed conclusions and discussions of the results are made in the 
chapters concerned. Thus it would be repetitious to state these con- 
clusions again. However for completeness, the highlights of important 
conclusions based on experimental results are summarized here. It is 
also important to note that in the experimental studies of this thesis, 
in order to achieve reliable and accurate results, a large number of 
filters of different types with different termination source resistances 
were studied, and the conclusions made on the basis of collective 
results . 



B. SUMMARY OF THE IMPORTANT RESULTS IN THE FREQUENCY 
DOMAIN BEHAVIOR OF THE WAVE DIGITAL FILTER 

1 - Digital filters, derived from doubly terminated LC analogue 

filters using the bilinear transform, have the lowest sensitiv- 
ity of frequency response for variation of the original L, C, 

R s and R^ parameters of the algorithms tested. 

2 - Wave digital filters, derived from doubly terminated LC analogue 

structures , if designed properly tend to achieve exactly the 
same low sensitivity as that of the above conventional digital 
filters. 

3 - Design of conventional digital filters from LC structures is 

relatively a tedious job, while designing the wave digital 
filters from LC structures is relatively simple. 
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4 - Wave digital filters exhibit high sensitivity to termination 

resistance values. Thus in the design of wave digital filters, 
in order to achieve a desired performance, the delay free loop 
should be chosen at the low impedance termination of the filter. 

5 - Due to the internal structure of the wave digital filter com- 

posed of sections with multiple LC resonant elements, these 
filters exhibit higher sensitivity than the same filter made 
up of sections with simple elements. 

6 - The sensitivities of the internal sections of the wave digital 

filter, both with respect to filter multiplier coefficients and 
original filter RLC components, tend to peak sharply at the 
critical frequency of the wave digital filter. 

7 - The sensitivities of the internal sections of the wave digital 

filter increases towards the load end. 

8 - For the seventh order low pass wave digital filters studied, 

the slope of the rms error due to quantization in the number of 
bits of the multiplier coefficients versus the number of bits 
is approximately 3 db per bit. Also, interestingly, the slope 
of the rms error of the conventional seventh order digital 
filter is also approximately 3 db per bit. 

C. SIM4ARY OF NEW THEORETICAL EXTENSIONS 
TO WAVE DIGITAL FILTER THEORY 

1 - Earlier researchers [1] and [2] have stated as a typical example 
that for the port two resistance of the wave digital section 
designed for series L with no delay free path in port two^one 
should use R 9 = R^ + L. This formula does not take into account 
the effect of sampling time. In the theory developed in this 
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thesis, following a derivation parallel to the one given in [1] 
and [2], the port two resistance for the said section is derived. 
35 ^2 = + ~ * This result is more general than the previous 

one, for which an inherent fixed sampling time of one second 
must always be assumed. 

2 - In the theory developed in this thesis for the design of wave 

digital subsections, only one algorithm is derived for a multiple 
LC resonant section. This result is applicable for both series 
or shunt elements . This new approach makes it possible to design 
several alternate wave digital filter algorithms, for a given 
analogue LC filter structure. 

D. SUGGESTED FUTURE RESEARCH 

1 - In the analysis of this thesis we have established that the 
sample wave digital filter, due to its inherent ladder- like 
structure, exhibits lower sensitivities to multiplier truncation 
than the complex cascaded section wave digital filter. Thus the 
need for the design of simple wave digital filters, even for 
band pass or band stop applications, arises. In the literature 
all the present algorithms for band pass or band stop wave 
digital filters are of the complex cascaded multiple LC element 
type. Hoavever it is possible to design simple wave digital 
filter, even for band pass or band stop applications using 
simple sections, so as to reduce the sensitivity of the overall 
structure. The technique basically is as developed in Chapter TV. 
The suggested outline is as follows. The analogue band pass or 
band stop LC filter derived from the low pass analogue LC filter 
would have sections of the type shown in Fig. 7.1. The design 
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al two port network with two L and C b) two port network with parallel 

elements in the total series L and C in the total series 

configuration configuration 




c) two port network with series 
L "and C in the total parallel 
configuration 




d) two port network with parallel 
L and C in the total parallel 
configuration 



Fig. 7.1. Total combination of L and C in a two port network. 
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of simple wave digital filter for Figs. 7.1a and 7. Id is no 
problem and they can be separated into two port simple sections 
as shown in Figs. 7.2a and 7. 2d. Thus we have to discuss only 
the cases of Figs. 7.1b and 7.1c. To design a simple wave 
digital algorithm for Fig. 7.1b we must employ a three port 
wave flow network. A general three port wave flow network is 
shewn in Fig. 7.3. Note that in this figure there is a feedback 
path from all inputs to all outputs. Fig. 7. 2b reveals that in 
order to design two simple wave digital sections we have to 
employ a three port signal flow graph. Either L or C of Fig. 7.2b 
can be adapted into a three port structure. Consider element L 
as the three port element. It can be shown that in order to 
have a causal network, two of the three ports must have no delay- 
free feedback path. We can make port -two and port-three of 
Fig. 7.3 with no delay free feedback. In doing so we can find 
R 7 in terms of Rp and L. Also we can find R^ in terms of 
Rp R 2 and L. Thus we have two equations and two unknowns and 
we can solve for lb, and R^ in teims of R^ and L. Now we can 
cascade a two port network designed for the component C into 
port three, and also cascade the succeeding sections into port 
two. It must be emphasized that the two port network designed 
for element C has no temLnation resistance on its second port; 
thus it is open circuited and its reflection coefficient in port 
two will be equal to 1. To design a simple section wave 
digital filter for Fig. 7.1c, we have to use a somewhat differ- 
ent approach. With the concept of delay free feedback in mind 
and with reference to Fig. 7.4, we can design a two port network 
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R = 00 




b] three port element connected 
to the two port element 




c) two series two ports in 
shunt configuration 



d) two cascaded two ports 



Fig. 7.2. Separation of the complex two port networks shown in 
Fig. 7.1 into simple two or three port networks. 
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Port 3 



Port 1 




Port 2 



Fig. 7.3. A three port signal flow graph, with all possible combinations 
of delay free inputs and outputs. Note that the delay free 
path in- port two and port three are marked with . 




Fig. 7.4. 



Simple section wave 
the complex series, 



digital filter signal flow graph of 
shunt network of Fig. 7.1c. 
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z> - 



for the element L such that there is no delay free feedback 
from port two (input) to port one (output) for subelement L. 
From this constraint, we can find R 2 ', with R-^ arbitrarily 
made equal to zero. The signal flow graph for the element C 
then is a normal two port signal flow graph with no delay free 
path in port one. It is fairly obvious that port two of the 
composite section will have a termination resistance of R 2 = 

R 1 + R 3* vjhere R 3 ' ^- s the P ort resistance of the element C. 
In the analysis of the internal structure of Chapter VI, we 
found the sensitivities of the wave digital filter with respect 
to the original component values, i.e. L's, C’s, R , and R. . 

It is interesting, for a given filter, to differentiate the 
conventional digital filter transfer function with respect to 
conponents L, C, R s , and R^ and compare these sensitivities 
to those of the wave digital filter obtained in Chapter VI. 

The sensitivity functions of the wave digital filter with re- 
spect to filter multiplier coefficients can be used to imple- 
ment an adaptive wave digital filter, by feeding back a weighted 
percentage of the sensitivities into the input as shown 
schematically in Fig. 7.S. The adaptivity can be done using 
any of the known optimization methods available in the 
literature, namely gradient optimization techniques, Fletcher- 
Powell optimization techniques, etc. 
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partial 
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Fig. 7.5. A schematic diagram for the proposed adaptive wave digital 
filter. 
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APPENDIX 1 



A. DESIGN OF LOW PASS LC FILTER WITH TlTE GIVEN SPECIFICATION 

1. Specification 

It is required to design a .5 db low pass Chebechev filter with 
load resistance R^ = 50 ft and source resistance R s = 100 ft, with 
critical frequency of 100 radian/sec. 

2. Data 

From the Handbook of the Filter Synthesis by Zverev [1] for the 
given specification, the normalized values of L and C for R « 1 ft, 

L 

making R g = 2.0 ft as per Figure A.l are 

R =2.0 ohms 
s 

L^ = .4799 henries 

C ? = .3536 farads 

L_ = 2.2726 henries 
Cj = .7512 farads 

L(- = 3.5532 henries 
Cg = .9513 farads 

L-, = 3.0640 henries 

3. Design of Wave Digital Filter 

Using this data the required wave digital filter with no delay 
free path in port two was designed using the table 4.2b. The schematic 
wave flow diagram of the wave digital filter is shown in Fig. A. 2. 

Note that from Figure A. 2 and equation (4.17) the unity input impulse 
response of the filter will be 
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Fig. A. 1. 



Seventh order low pass analogue double resistively 
terminated LC filter. 




R, 




<t> = 



R L ~ R 3 
r L + R 8 



Fig. A. 2. Seventh order low pass .5 db ripple Chebyschev wave digital 

filter designed with no delay free path on port two after the 
seventh order low pass filter of Fig. A. 1. Mote that only 
delay free signal paths are shown. 
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(A. 1) 



c(nT) = h(nT) = (^£) b 72 (nT) 

where T is the sampling period o£ the filter. We also note that h(nT) is 
also the transfer function of the filter in the time domain. Thus the 
transfer function of the filter in the frequency domain will be 

N 

H(Jcj) = ]T h(nT) e _:iwnT 
n=0 

or 

N 

HO) « J2 ^ b 72 (nT)-e' :ia3nT 
n=0 

N 

O E b 7 2 ™- e ' J “ lT (A. 2) 

n=0 

where <p is the reflection coefficient of the filter and N was chosen large 
enough for transients to decay. Using these results the frequency trans- 
fer function and also the impulse response of required filter was pro- 
grammed in the computer. Sampling period of .01 sec was used, thus 
making the sampling frequency approximately six times the critical frequency, 
or three times the Nyquist frequency. 

The appropriate computer programs for filter transfer function, and 
also its impulse response are given at the end of this appendix together 
with the computer output results which are listed in Tables A.l and A. 2 
with their corresponding graphs in Figs. A. 4 and A. 5. 



174 



4. Design of the Conventional Digital Filter for Comparison Purposes 
The transfer function of the given filter of Fig. A.l is of the 



form 



H(s) = 



V 2 (s) 

W 



(A. 3) 



It can be shorn that H(s) is of the form 



_ V 2 (s) _ i 

V l ( ^ s ' ) b,s 7 +b £ s 6 +b,s 5 +b,s 4 +b,s 3 +b.s 2 +b,sb 



(A. 4) 



6' 



r“o 



where from the circuit analysis we find 



b_ 

/ 



L, C-.L-C .L^C,L„ 
1 2 o 4 o 6 / 

R r 



b c = 



C 7 L-C,L q C, (L. + L 7 
2 o 4 3 6 1 7 



(A. 5) 



b r = 



R [ C 2 L 3( C 4 L s + c 4 L 7 + C 6 L 7) + L 5 C 6 L 7^ C 2 + C 4^ 



+ L 3 C 4 L 5 C 6 (C 2 R S + R^ 



b, = 



*3, 



R r 



(Lf+L? ^-) [L 5 C 6 (C 2 +C 4 )+C 2 L 3 (C 4 +C 6 ) ]+L 3 C 4 L 5 (C 2 r + Cg) 
L b 



b- 

3 



C. L,C ? +C ft L 7 

s i( W tL 3+ L 7 )*(L3 + L 5 )[C 2 C 6 R s ♦ 



^ CC 2+ C 5 ) 



b 2 = W C L 1* L 3- L 7 ^J* c 2 I L 1* |( L 3 +L 5 + L 7 )] + L 5 (C 4 C 6 ) 
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b l ■ IT 'WVS’ * Rs(c,+c 4 *c 6 ) 



and 



. “s + r l 



b o R, 



Tne equation (A. 4) can be rewritten in a more fairdliar form of 



where 



H(s) 



V 7 (s) 
~ V*(s) 



X, 



7 6 5 t -r 2 

s +a 6 s +a 5 s +a 4 s + a-s' :> +a 9 s Z +a,s+a, 



0 





b, 

/ 



b. 

0 




(A.6) 



etc. 



To find the filter scale factor we let s -*■ 0. This leads to the value 

\ + 

— 5 which is the filter's scale factor. 

k L 



To find T(z) for the direct digital filter design, i.e. the 
digital filter transfer function, we can use equation (A. 6) and the 
bilinear transform equation (2.4) to get 



T(z) = H(s) 



2 r l-z 

S = sr C 



-1 



1+z 



- r 



(A. 7) 



or for simplicity we can factor H(s) into one first order and three second 
order sections as shown in equation (A. 8) 
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H(s) = * ^ 

(s"+A 1 s+B 1 ) (s +A 2 s+B 2 ) (s £ +A 3 s+B 3 ) (s+A 4 ) 



(A. 8) 



Note that in effect we are going to have one first order filter cascaded 
with three second order cascaded filters. It is much easier to bilinear 
transform the subsections one at a time rather than bilinear transform 
the whole H(s) . Thus each second order section becomes 



where 



s +A 1 s+B 1 



2 ,1-z \ 
S = f C — rr) 
1 1+z 



= K 



-1 -2 
1 + 2z 1 + 3 “ 

2 -1 -2 
1 + OjZ + S^z 



X, = 



4 ^1 

+ L + b 

IT T 1 



A - B, 



Ot-, 






4 . + B 

T B i 



8, = 



4 »i. B 
P' ' ~T~ B 1 

I75T; 

t 2 T B 1 



and the first order section transforms into 



s + A. 



2 r l-z 
s = y C 

1 1 + 3 



-1 
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where 




1 + z 

i + V 



-1 

~ 



K 



5 




1 



+ A 



4 



a 



4 



T ' A 4 

1 + A 

T A 4 



Thus (A. 7) and (A. 8) lead to 



T(z) = K 






(l+a 1 z~ 1 +3. 



a^z " 1 ) 2 



a^z - 1 ) 2 



1+z 



-1 



') (l+o^z’^+B^z (l+a^z'^+B-jZ -2 ) 1+c^z’ 1 



where 

K = K, • K- • X. • K, • K c 

Note that T(z) is merely the transfer function of four cascaded first 
order and second order sections as shown in Figure A. 5. Thus the appro- 
priate iterative equations are 

V 1 (nT) = KV in (nT) + ZKV^CnT-T) + KV^CnT-ZT) - a^fnT-T) - B^fnT-ZT) 

V 2 (nT) = V x (nT) + ZV^nT-T) + V 1 (nT-ZT) - a 2 V 2 (nT-T) - B 2 V 2 (nT-ZT) 

V_(nT) = V 2 (nT) + 2V 2 (nT-T) + V 2 (nT-ZT) - a 3 V 3 (nT-T) - B 3 V 3 (nT-ZT) 

V 4 (nT) = V 3 (nT) + V-fnT-T) - a^CnT-Tj (A. 9) 

where T is the sampling time of the filter and with initial conditions 
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2nd order 
section 



2nd order 
section 



2nd order 
section 



1st order 
section 



Fig. A. 3. Seventh, order digitized and cascaded filter corresponding to 
seventh, order analogue filter of Fig. A. 1. 



179 



set to zero, i.e. 



V in(I) " 0 I - -1,-2, J - 1,2,3 

v j m -o 

V-U - o 



.Also we note that for impulse response 

1 for n=0 

0 for n#0 

Thus the unity input impulse response of the filter from equation (A. 9) 
will be V (nT) and we note that this is also the filter transfer function 
in the time domain, i.e. 



V. (I) = V. (nT) = 
m in 



V o (nT) = h(nT) 

Also the filter transfer function in the frequency domain can be found 
from equation (A. 2). Using these results the transfer function and also 
unity impulse response of filter was programmed in the computer and 
computed using the same sampling frequency as that of the wave digital 
filter of Section 3. 

The simulation computer programs are given at the end of this 
appendix and their corresponding outputs are given in Tables A.l, A. 2 
together with the results obtained for the same filter using wave digital 
filter design for comparison purposes. Note that no graphs are given 
for this simulation, since they were exactly the same as the wave digital 
filter graphs. 
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Frequency 



Wave Digital Filter 



Conventional Digital Filter 



0 .0 


G . 4 >Juo ) J 1 


w. 4 . cggu; u i 


C.* v ' ’ / . J U J 


O. jet J 01 


C.49‘-6/J J 0 


J. t JjwJL 0 l 


0.9 9 10 Jl.) J J 


G • t C u C Lu ul 


•fit jj JJ 


0. 1 JJO Jl) J 4. 


G.9/77jJ JU 


0. 12JOGU 02 


0 .9 703 l 0 JO 


U. 0 4 


0. 96 UOJ JO 


J.loJUJC 62 


0 . 9 t c4 60 JO 


0. itutu 02 


C. >6 J ,J v 0 00 


J.^GJOLO 02 


C • 9*6 9*J 0 0 


0.220000 02 


G . 9 4 *6 JO JO 


J. 24uCCO 02 


C. 94 4 l j J JO 


0 • <.60000 02 


0 . 94 65 9J 0 c 


0.2 3J0 oO 02 


0.9484*0 JO 


o. .rCoCcJ J2 


L . 9 5 4 ucO u C 


O.ClJUju J 2 


C.96y53J JO 


0. j40CC*^ 02 


C • 96 6 1 4 0 JO 


O.-itJCCO 02 


C . 9 7 6 1 70 JO 


0.33000C 02 


0.934Jo0 JU 


0.4C0CCO 02 


0.99 i J*J JO 


0.4 cJOOO 02 


C. 996390 00 


0. 44 00 CO 02 


0.999460 00 


U.46JCCJ 02 


C. 9997*0 00 


0.4800 OC 02 


C . 99 72<.J JC 


0. 5CGCC0 02 


0.991930 00 


0. 5200 CO 02 


C. 984*30 00 


0.5*00 CO 02 


0.975520 00 


0 • 5600 CO 02 


0. 966 1 70 00 


0 . 5 300 CO 02 


C • 9 5 74<jj 00 


O.oOOOOO 02 


C.95 02 70 JO 


J.C20COO 02 


C. 945590 OC 


0 • 640000 02 


C. 944080 00 


0. ecCCCG 02 


C.94ol60 00 


0 • 6 cCC CO 02 


C.95 1920 00 


0.70JOCG 02 


C. 960960 00 


0. 72 JC CO 02 


0.972300 00 


0.74000C 02 


C. 9 344.40 GG 


0. 760000 02 


0.994260 00 


0. 7SGCC0 02 


C. 999670 00 


O.SOOOOC 02 


C. 998150 JC 


0. 820CC0 02 


0.989060 00 


0.64GCCO 02 


C. 974250 00 


0 . 6600 CO 02 


0 .9 579 70 00 


0.8300CO 02 


C. 946230 00 


0.90J000 02 


C. 945400 OG 


0. 920000 02 


C. 960260 00 


0 . 54w.C00 02 


C. 927710 00 


J . 9 60 GOO 02 


C. 996860 00 


o. saoccc 02 


0.91 1060 00 


0. 1COCCO 03 


C.7C692J 00 


0. 1 02 0 0 C 03 


0.492110 00 


0. 1C4CC0 03 


0.334990 JO 


0. 106000 03 


0. 23 18 JO 00 


0. 103 000 03 


0 . 1 o 445 0 00 


0. UOCCO 03 


C. 1 195J0 00 


0 • 1 1 2 0 OC 03 


C.3o6650-0 1 


0. 1 14 C CO 03 


0.6 6°5 0Q-0 1 


0.1160C0 03 


C. 513130 -01 


0.113000 03 


G. 39 8 290-0 1 


0.12GCC0 C3 


0. 312540-0 1 


J . a220C 0 05 


C. 2 4 7 5 70 - 01 


0. 12*000 03 


0. 197730-0 1 


0. 12oCCD 03 


C. 159070-01 


0 • i23000 0 3 


C. 128790-01 


0. 1 3 0 C CO 03 


G .1 048 60-0 1 


0 • 122000 03 


C. 353400-02 


0.13400C 03 


0.705 820-02 


0.136CCD 03 


0.5327 70-02 


0 • j. 3300 0 0 3 


0. 4829/0-02 


0.x*G0CC 03 


0 .40 1620-02 


0. 142CC0 03 


C. 335000-02 


0. x*400C Oj 


C.28C21J-02 


u. 1 4c C C J 03 


0.23497 0-02 


a. 14oCCC 03 


C. 197490-02 


0.150000 03 


0 . 16 63*0-0 2 


0. 152CCO 03 


C. 14 036 6-0 2 


J . l5*oOO 05 


C. 1186 *J -02 


0. 1 5o 000 03 


0. 100*40-02 


0. 1 530 CO 03 


C. 851450-03 


0 . 160000 03 


C. 722690-03 


0. lc2CCG 03 


0. 614 Oo 0—0 3 


0. 164CCD 03 


C. 52^260-03 


0. 16600C 03 


0 *444550— 03 


0. lteCCO 03 


* G. 37 86 7 6-0 3 


0.1 70000 J5 


C.32274J-03 


J. 172CC0 03 


0.27521 J-05 


0. 1 74CCD 03 


C. t 34 7cu-03 


0.1760 OC Oj 


C. 2 0 03 1J-03 


G. l 7 3 u CO 03 


C. 1 7 09*0-0 3 


j • 1 cJOjO 03 


C. i 4 58 JJ-05 


J. 1 320CC 03 


C . 1245 10-0 3 


0. 1 £*CCJ 03 


C. 1 oo 2 * J— J 3 


J • iBoOwD 0 J 


C.SucJ.*J-64 


1 SdCOO 03 


0.772950-04 


j.ISjOCJ 03 


C • 6 5 £8 — J4 


J • l9 ^G^G 65 


C.56 15 75-04 


0. l9*vC*> 03 


0.4 7 7 9 4 J — 0 4 



G. 1 JOOjO 0 L 

C.99 GO 

O.VJIjU /j jo 
C.9910JJ 00 
0 • 9 8 4 0 _> J 0 0 
0.9 11 750 JO 
C • 9 7 U.>2D JU 
C.96J0oD JO 
C.9jc*toJ JO 
C.*5C99J 00 
0.94 O 950 JO 
C .94 *6 iJ O 0 
C.94*LJJ JO 
0.9455*0 00 
C.94o94G 00 
C. 96*020 00 
0 . 96 05 j 0 00 
0.968120 00 
0.976170 JO 
0. 984 060 00 
C.99L050 00 
0.996400 JO 
C. 999460 00 
0.9997*0 00 
C. 997220 00 
C. 991930 00 
0.984430 00 
C. 975520 00 
0 . 9 6 6 1 70 0 0 
0 .957420 JO 
C. 950270 00 
C. 945590 00 
0.944080 JO 
C. 9461 oO 00 
0.95 19 20 00 
C. 96 09o 0 00 
C. 972310 00 
0.934220 00 
C. 994260 JO 
0.999670 00 
C. 998150 00 
C. 989070 00 
0.974230 00 
0.957970 00 
C. 946240 00 
0.945400 00 
C. 9602o0 00 
C. 987710 OC 
0. 9966o 3 00 
C. 911060 0 0 
0.706920 00 
0.492110 00 
C. 3349*0 OC 
0.231800 00 
C. 164450 00 
C.1155C0 00 
0 .0866 2 0-0 1 
C.66950J-0 1 
0.513130-01 
0.398290-01 
0.312540-01 
0 .247570-01 
C. 19773J-01 
0.159070-01 
0.128790-01 
C. 1048SJ-01 
C.3584U0-O2 
C. 705320-02 
C. 5 8 2 7 70- 02 
0.4329/0-02 
C. 40 1620-02 
C . 33 50u J- 0 ^ 
G .2 6 J2 10-02 
0.234970-02 
0.197490-02 
0 • 16634 J— J2 
C. 1403 oJ -02 
0. 118640-02 
C. lUU4*J-J2 
C.35143J-G3 
0 • 72 268 0-0 j 

C. l 44>o3 -u i 

0 . p2/^ ft< J“0 3 

c. -»* »3^U-03 

C. 3 76<> 70-03 

0. j227*o-JJ 
C.2 U-Oj 

J ... j * 7 oo— j ^ 
u ... 'JKI J-J j 

1. i / C*'*J -0 3 
0 . t *'6 » J - j j 
0.1. ♦ ‘ i u-j j 
L. Lk-< .. *J-u J 
0 . • J. 3 

C. 7 7 . - -j'ui 

G . c ">! ' •' ' - o<, 

6 . 3 * * 1 ' I J* J ^ 

G. * 7 7* • )- j«. 



Table A-l. Computer frequency response output for both wave digital 
filter and conventional cascaded digital filter • 
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Time 



Wave Digital Filter 



Conventional Digital Filter 



0.0 

C. lGOCCO-Ol 
u • 0 J 3- J 1 

0. 30JO JO-O l 

0* i 

0 • dO JO C J -0 1 
0. oCwCCO-Ol 
v • 7CoCCG— ul 
0, 6UJ0 JC-0 1 
0. bCJCCu-Cl 
0 . 10^0 CO 00 
0. 1 1 JCGO 00 
U'liuCiJ CO 
0. 1JJ00C 00 
O. 1 40 C CD CO 
0. 150GC3 00 
0.16O0CC 00 
0. I 70GC0 00 
J.180OU0 00 
0. 190000 00 
O.ctOCuO 00 
0 . *.106 CO 00 
0.22OCC0 CO 
0.230CCJ OC 
0 • 24 JO C C 00 
0.25CCCD OC 
0 • ^.COO C 0 00 
0.270000 00 
O.cSOCCO CC 
0« ^9 JC OC Do 
0.3CJCcO OC 
O.JlOCCO 00 
0.320000 00 
0. 330 C CO 00 
O.j^fOOOO 00 
0. 350000 00 
0. 36CcC0 00 
0.370000 00 
0. 3 €0 C C 0 00 
O.jSwoGD 00 
O.hOOOOC go 
0.410CCJ CO 
0.420060 00 
0. 4300 CO 00 
0. 440C CO CC 
0. 4500 CC 00 
0.460CCD CO 
0.47U0CD 00 
0.4300C0 00 
0.490CCQ 00 
O.5OJOC0 00 
0.510000 00 
0.52GCCD 00 
0 • 5 jOC 00 00 
0. 5400 CO 00 
0.55GCC0 CO 
0.5o0C0C 00 
0.570CCJ 00 
0 • 53 j 0 CO 00 
0. 5 900 CO 00 
O.fcCJCCO CG 
O.olJGGC 00 
O.t^OCCO 00 
0.63GCC3 00 
0.640CC0 00 
0. 650 C CO 00 
0 . 660 G 00 00 
0.670000 CO 
0 . 6 e J 0 C J 00 
0 • 6900 CO JO 
0. 7C0CCJ CO 
O.OiCCCO 00 
0 • 7 200 OC 00 
0. 730 C CO CO 
0 • 7*00 CO oO 
0. 750QC0 00 
0. 76CCCO 00 
0.7700CC 00 
0. 7SCGC0 00 
0. 7900 6 0 JO 
C.oCOOjD 00 
0.31CCC0 00 
J.d^vyQUO 00 
0.320000 00 

0 . 04uC60 00 
0.850066 uO 
0. 1 6 OC C 0 00 
0.o7wuCD 00 
0 • o oOO C 0 0 0 
0. cSOCCO 00 
0. 9000^0 00 
0. ^1 JOCC 00 
w*.S*uoCO 00 
0.9^0GC 00 
J.9-*0(C0 00 
0.9500CD 00 
o . K **> j u o 0 oo 

Q.9/JG60 00 



0.19 26 dO -0 J 


0.102M , J-Oj 


C. 220 JOU-02 


C.22U -.0J-02 


C. liScOJ-O 1 


0 . 1 19o J.>-J 1 


0 . H 1 1 1 J 0 -0 1 


0.4 1 I LOu-J t 


C.lCuocO 00 


C • 1 0 6 DO 0 0 


Q.lftjGoJ 00 


0 . 1 6 ^9<J J 0 0 


0 .25 S3oO 00 


C. 25 4‘jdJ JO 


C. ^ 7h j 7^) OC 


O.^/Sj iJ J w 


0.2 1 jh jO 00 


0.2Ld4u0 Jo 


0. 798460-0 L 


C. 7 55A ()U - j; 


-0. 53c440-u 1 


-0 . 68 ;4tJ- J 1 


-0 . 1 2 93 u 0 


— 0. 12 53 * J JO 


— C. 10 49 o J 0 0 


-C.iu44c0 CC 


- C • 1 o 5c do- 0 1 


-0 . lo 52 o J-0 1 


Q.o4 7 12 0 -j 1 


C.64 71^0-01 


0. 34 15 70-0 1 


0.84 1570-01 


0.385290-0 1 


0.3 8 62 ^0-0 1 


-0. 259790-0 1 


— 0.25979J- J 1 


— C. 5 7 *i 5 50 - 0 l 


-0.574930-u 1 


-0.359430-0 1 


-0.3594^0-0 1 


C. 14 1420-01 


0. 141420-01 


C . 49 C2oO-Q x 


0 .490260-01 


0.92 33 4D -0 1 


0. 42 o3 9D-0 l 


C. 5303^0-02 


C. 5603 40 - 02 


-0 .287070-0 1 


-0.287060-0 1 


-0. 3403 d J-0 1 


— C . 34 C830- 0 1 


-C. 1 10470-0 1 


-0. 110470-0 1 


0 .16755 0-01 


0. 1o75d0-0 1 


0. 25 33 7J-0 1 


0. 253870-01 


0.1052^0-01 


0.10 5230-01 


-C. 11 53 3 0-0 1 


-C. 11 56o0-01 


-C. 2060^0-0 1 


-0 . 20 6040- 0 1 


-0. 100250-0 1 


-0.100290-0 1 


0. 376790-0 2 


0. 8767o0-02 


0. 1634o0-oi 


0 .183400-0 1 


0 . 109640-0 1 


0. 109640-01 


-C. 553760-02 


-0. 553750-02 


-C. 1599^0-0 1 


-0 . 159940-01 


-0.11 71 oO-O 1 


-0. 11 7160-01 


C. 249000-02 


0.246990-02 


0 .135720-0 1 


0. 135720-01 


0. 12163 J-0 1 


0. 12 1660-0 i 


0. 337o2J-03 


0.38/740-03 


-0 .1 085o0-0 1 


-0. 1 0698 J-C l 


-C. 120720-01 


-0. 120720-01 


-C. 235770-02 


— 0 . 2397o 0-0 2 


0.302160-02 


0. 302150-02 


G. 1 1 <£660-0 1 


0.11^330-01 


0.47 6440—02 


0.47643 0-02 


-0.521590-02 


-0.521530-02 


-C. 992110-02 


-0.9931x0-0 2 


-0. 536310-02 


-0.586320-02 


C. 277640-02 


0.277630-02 


C. 328750-0 2 


0 .328740-02 


0.630320-02 


0. 63 C320-02 


-0.8 1 56 jO—O 3 


-0.815540-03 


-0 .65 6350-0 2 


-0.658340-02 


-0 .6 250 30— G 2 


-0.625030-02 


-0.C627Z0-03 


-0. 662800-03 


0 .49 c3 90-0 2 


0.496330-02 


C. 56ci5u-02 


C. 566130-02 


C.17C760-02 


0. 17077 0-02 


-0. 35 05u0-O 2 


— C . 3 50906-02 


- 0. 62 6530 -0 2 


-0.526530-02 


-0 .238690-02 


-0.23 8900-02 


0.225320-02 


0.225310-02 


0. 45 5o80- 02 


0.455680-02 


0.277770-02 


0.277770-02 


-C. 120190-02 


-0.120160-02 


-C .3600**0-02 


-0 .380040-0 2 


-0 .293380-02 


-0. 293366-02 


0. 349 5o0-0 3 


C. 349510-03 


0.304170-02 


0.304160-02 


0.2907 <.0-0 2 


C. 290720-02 


0.316550-03 


0.31 3o00-0 3 


-0 .231510-02 


-0.231510-02 


-0. 274190-02 


-0. 274190-02 


-C. 300310-03 


-0.800850-03 


0. 164740-02 


0.164740-02 


C. 247770-02 


0.247770-02 


0 . 1 1 29 **0-0 2 


0.112930-02 


-0. 10676^-0 2 


-0. 105760-02 


— l>. 2 15 1^0-02 


-0 .215100-02 


-0.132010-02 


-0.1320 10-02 


0. 5 3 72 00-03 


0.557170-03 


C. 1 743 «.o- 0 2 


0 .179320-U2 


0.1346UO-O2 


0. 139600-02 


-C. 1507*.)-Oj 


-0. 1506 96 -03 


-0 . 14^0 70-'J 2 


-0 • 1 30o G-0 2 


-0. 1331 10-02 


-0. 1331 10-02 


- U. 1 G -** 5 OiJ — 0 J 


-0. 162520-03 


O.ldH' 


0. 1033*0-02 


C. 12 9^50-^2 


0. 1Z9S50-02 


0.jVl7VJ- JJ 


0.39 18 10-0 3 


— O . t *> t#-’> -> 


- 0. 7»joOi J-03 


-0.1l69>O-J-- 


— O-Xl 6VJ0-U2 


- 0 . 5 ** i 1 


-u . D*» 35 oO-O 3 


0. *♦<! / 4 o O * » > 


0. 43 7430-03 



Table A. 2. Computer output for unity inpulse response of both wave 
digital filter and conventional cascaded digital filter 
in the time domain. 
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Fig. A. 4. Graph of the transfer function of the wave digital filter 
with the given specification in Section 1. 
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Fig. A. 5. Graph of the unity impulse response of wave digital filter 
with the given specification in Section 1. 
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B. 



Computer Program No. 1 . 
wave digital til ter with 
given specification . 



Program for unity impulse response of the 
no delay free path on port two with the 



c 

c 

r 

c 

c 

c 

c 



c 

c 

c 

c 

c 

c 

c 



27 



c 

c 

c 

c 

c 

c 

c 

c 



29 

22 



13 

r 
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C 

C 

c 

c 



******** WAVE CIGITAL filter ************* 
**** TIME RES PONCE **** 



IMPLICIT RE AL *3 (A-H.l 
01 ^ENSIGN OAT A <210 ,3} 



r % In - - *- ** *508 CHESECHEV LOW-PASS FILTER WITH RS=2.0 ******** 

C C » y P u i >c N » V A LU c 5 

^i° r 9^V? ITA ^ C L VALueS IN HENRIES, ANC FARAOS 
f 13 CkITICAL FREQUENCY JF 1 RAO/SEC AT 3 OB POINT 

WITH R L = 1 



RS =2 • 0 CO 
A L 1= 2 . 42 750 0 
C2= .7 A 7 000 
Al3=4 .36S5 00 
C4=, 837700 
A L5 = 4 .4336 00 
Co =.3 13 700 
AL7=3. 405000 
R 1=1 .000 
wPITE (6 ,27) 

FORMAT! 5X, ’ THE LN SC AL ED COMPONENT VALUES ARE*,//) 
WRITE! 6, 13) RL » RS 

WRITE ! 6,22) AL 1 ,C2 , A L3 ,C 4 ,AL5 , C6 , A L7 

SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

DMGAC = 100. 000 



SAMPLING T IME IS T 
T= .01 OC 

IMPEDANCE SCaLE factor is simp 
SI M? = 5C. 00 0 

THE EFFECT OF SAMPLING TIME IS SFREQ 

FREQUENCY SCALING WITH PREWARPING AS WELL AS TAKING INTO ACOUNT 
$FREQ=OTAN{ CMGAC*T/2) 

*5=RS =>S IMP 
ALl=ALl«SI mp/sfreq 
C 2=C2/{ SI.M?*SrREQ) 

JL5=AL3*S IMP/S FREQ 
C w=C4/( 31 MP* SFREQ) 

AL 5= AlS^S [MP/SFREQ 
Co =C6 / ! SI MP/SFREQ ) 

A L 7=A l 7~ S I M P/ Sr- RE U 

RL=RL*3IMP 

*R IT E !o ,29) 

FORMAT! 5X ,' THE SCALED COMPONENT VALLES ARE’,//) 

WRITE! ft, 22) AL1,C2,AL5»C4 ,al5,C6»AL7 

F CrMAT (5X ,' Li = * , El 2 . 5 ,3X , * C2 = * , Ei 2 . 3 , *L3= , ,E12.5,3X,'C4=’,E12.5,3X 
1, 'L5=',E 12.5, 3X,'C 6=' , El 2.5, 3X,'L7 = * ,E12. 5,//) 

NRi' r c(6,15) RL , RS 

FORMAT! 1 OX,’ Sl=' ,E12.5 ,5X , ’ RS = 1 , E12.5,// ) 

FILTER SCAlE factor FROM uA TA I S COEF 
C CEF= 1 RS + RL )/ RL 
rt.R ITE ! 6 ,3 7 ) COEF 

FORMAT! 5X, 'THE FILTER SCALE FACTOR IS....' »E12.5, //) 

CALCULATING THE wAVE CIGITAu FILTER MULTIPLIER COEFFICIENTS 



R 1 =R S 
R^=RI+AL1 
S I oMA 1-R1 /R 2 
ij 1. oDO/R 2 
u3 =32 +C2 
a i >jM A2=o2/ G3 
k a= L . CO U/G3 
Ra=R^ ♦ AL3 
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nooo noon ooooo 



5 IGMA3 = R3 /R4 
G4=i. C00/R4 
G3=G4+C4 
S IGMA4=G4/G5 
Ri=i. CD0/G5 
ko=R 5+AL5 
S1GKAS=P5/R6 
G6=l. C00/R6 
G7 = Go + C6 
S I GMA 6 =G6 /G 7 
R 7=1. wD0/G7 
R3=R7+AL7 
SIGMA 7=R7/R 3 
PhI=<RL-Rd) /( RL +R8 J 
t*iR 17 6(6 , 42 i 

42 FGSMATJ5X, • THE PAVE DIGITAL FILTER MULTIPLIER CC 6FF1C I ENTS ARE.... 

*• ,// 1 

'« RITE (6 *10) SIGMAI , S IGMA2 ,S IGMA3 , 3 I GMA4.S IGM A5, S IG^Ao, S IGMA 7, PHI 
10 FORMAT! /, 4X, ' SIo ,J, Al = ‘ ,F 6. 4 , 4X , ' 31 G MA 2 = * ,F6.4,4X,'SIGMA3=' ,F6.4,4X, 
*' SIGMA4=' ,Fo.4,‘tX, • SIGMA5=' ,Fo.4,4X, *SIGMA6= ',F6.4,4X, ' SIGMA7=' ,F6 
* . 4 , + X» ' PH 1= ' ,Fo.4i 

INITIAL VALUES 



INPUT IN TIME DOMAIN IS AS 

A S = 1 . CDO 

CLTAT =0 .000 

A1 1=AS*CCEF 

Xil=0.000 

X1j=0 .000 

X 1 1=0 .000 

X 12=0. uOO 

Xl4=0.000 

X23=C. COO 

X24=C.C30 

X33=0 .000 

X34= C. COO 

X 43=0 .000 

X44=0.000 

X 52 = 0 .000 

X5 4= 0 .000 

Xo3 =0 .000 

X 6 4= 0 . COO 

X 72=0 .000 

X7 3=0 .000 

X 7 4=L . COO 

I TTcRAT ION IN THE TIME OOMAiN 



OC IOC 1=1, <58 

3 12=A ll+X 11- X23 + SI GMA l* ( X23-X14) 
Bc2=X33+S IGMA2* (B12 +X14-X33-X24 ) 
B 2 2=S 22+ X24-X43 + SI 3 M A3* ( X4;3-X34J 
Bh^XSj+S I GMA 4* ( B o2 + X 34— X 53- X44 ) 
z>52-b 42+X4t-Xo3+SlGMA5-( X6 3-X54) 
3 6 2=X / i + SIo w Ao=(3 52+ X54-X73-XO + ) 
c7 2=S62^X34-X72+SIGMA7--M X 72-X74) 
m 72 =£ 72* PK i 

3 7 1= H62+S I G M A 7= (A 72-5 6 2+ > /2-X73) 
ocl=87i-332 +X73 + Sio M A6 = ( 0 3 2-X o3 J 
3 ^ 1=6 42 + S I GMA 3* ! bOi — o^2 + Xc3 — X33 i 
6*, j.= 6 5 1-5 2 i+XbJj +S I G M m 4= ( 3 2 c— X hA ) 
53 1 = 622i-S 1 o ' v A j * ( 64 1 — 5 2 2 + X 43— X 33 ) 
3 21=52 1-3 12 + X 33 + SI oM A 2* { 8 12-X23 ) 
8 11 = A 11+S IG'-'A!* (821- A 11+ X23-X1 j ) 



U? GATED VAcUE S 



X U = A 11 
X 12=311 



18 S 



c 

c 

c 

c 



100 

c 

c 

54 

55 



20 

C 



X 14= 
X 23 = 
X ^4= 
X 23 = 

Xj4 = 
X 42= 
X44 = 
X 52 = 
X 5 4= 
X o2= 
X 1 4 = 
X 7 2= 
X 73= 
X 74 = 



612 
321 
B 22 
831 
:632 
8 4 1 
842 
; 8 5 1 
B 52 
B61 
862 
A 12 
871 
: 6 72 



PGP IMPULSE RESPONCE 
All-0. CDO 



All IS SET TO ZESQ FOR THE NEXT ITTERATIQN 



ARRANGING THE OUTPUT CATA 

DATA ( I ,1 )=0 LTAT 

D ATA ( I , 2)=8 7l*( 1.00 0+ PHI ) /2 

CA7A< 1 ,3 )=0 .0 00 

0 L 7A T =0 LTAT + T 

CONTINUE 



WRITE (6,54) 

FORMAT i ' i • ) 

*RITE (6 ,55) 

FORMAT( 20X, 'TIME 1 ,21X , 'OLTPUT NO i ' , I C X , ' OUT P UT NC 2' ) 

WRITE (6 ,20) ( (DATA<N,M),y=i f 3) f N=i f $a) 

call GRAPHX(0ATA,98 , 4hTi ME , 9r»MAGN i TLl E ) 

FGRMAT(20X, E12.5 ,1CX,E12.5 ,iOX,E12.5) 



STOP 

cNC 
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SU6RCUT INE GRAPFX { DATA, N, V INDEP, VARDEP ) 
l IMPLICIT REALMS !A-H,C-Z) 

DIMENSION DATAi 210,3) ,3! 121) 

GAIA DC7/' *'/, STAR/ '*»/, BLANK/' '/ 

WRITE (6, 300) VINOeP 

303 FDAIAT! 1HI, • THE INDEPENDENT VARIABLE IS >,A4) 
up I 7E (6 ,400 ) VApOEP 

400 FORMAT! 1H , ' THE ucPENCENT VARIABLE IS ',A4j 
WRIT t ( c , 5 UO ) 

500 F C h N A T ( ' ') 

8 1 GES T-DA TA (1,2) 

s y Au= c at a ( i ,2 ) 

DC 1 1=2, N 

IF OAT A! I ,2 ) .GT .3 IGE ST ) 3 I GE ST=0 AT A l 1,2) 

IF ID AT A (I ,2 ) . LT.SMAL)SMAL=DAT A! 1,2) 

1 CONTINUE 
DC 3 1=1, N 

I FOATA! I ,3 ) .GT.SIGES7) 9IGEST=0ATA( 1,2) 

I F (DATA! I ,3 ) .LT.SMAL) SFAL=DATA( I ,2) 

2 COM IiVJE 

i FISMAL.Gc. C.ODC) SMAL=O.ODO 

*R IT2(c, 4 OJ ) shal, digest 

BK INS = 6 IuEST-SFAL 
DC 3 1 = 1,62 

3 S ( I ) = S LA NK 

DC 4 1=1 ,N 

DATA! I ,2) =( OATA < I , 2 ) - S V AL ) *6l . 0 CO / 3 V I NS >1 .ODO 
DATA! 1,3) = (CATA(I,o)-SMAL ) *61 . ODO/9M I N S+ 1. ODO 
1 NDEX=0A7 A! I ,2 ) 

J N LcX = CAT A! 1,3) 

6 t INDEX )=00T 
B ( JNO EX) =ST AR 

WR ITc(6, 100 ) D A T A ( I , 1), (3(NN1) , NN 1= 1 , 6 2 ) 
ol INDEX )=8LANK 
B! JNJ EX ) =8 LANK 

4 CC.NT I KJ E 

200 F C? MAT OX ,£12.5 ,5X , ' C» ,14X, *M' , 14X , ’0 » , 12X, E12. S ,/iOX, 6l( IH*) ) 
100 FOR-IAT! 1X,F6. 2, IX, 62 A 1 ) 

RETURN 

END 
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Computer Program No. 
digital filter with" 
specification. 



for transfer function of the wave 
no delay free path on port two with the giZ 



c 

c 

c 

c 

c 



c 

c 

c 

c 

c 

c 

c 



27 



c 

c 

c 

c 

c 

c 

c 

c 

c 

c 



29 

22 



13 

c 

c 



J 7 



c 

c 

c 

c 



******** WAVE CIGITAL FILTER ************* 
**** FREQUENCY RESPQNCE **** 



IMPLICIT REAL*8 ( A-H, 0-Z ) 

01, -ENSIGN D AT A ( 210 t 3 J 
CG.MPLEX*16 ri 2 t W 1 , Z 

COMPONPNT^VALUE <; CH£3EChEV L0 W-d A S$ filter WITH RS=2.0 ******** 

IKCUCTANCE anc capacitance values in henries, ano faraos 

NLRMaLI ZED TC CRITICAL FREQUENCY OF 1 RAO/SEC AT 3 CB POINT 
rtiTrl * L — 1 



ft S =2. COO 
At 1=2 .42 750 C 
C2=. 747000 
A l 2= 4 . 36 550 0 
C4=.6-)7700 
A l5 =4 .4886 0 A 
Co = .8 12700 
A L7 = 3 .405000 
*1=1.000 
nRITE 16,271 

FORMAT (3X, 'THE UNSCALEO COMPONENT VALUES ARE*,//) 
*>ftl TE (o , 18) Rl.RS 

wR IT E ( 6 , 22 ) AL1,C2,AL3,C4 ,Al5,C6,AL7 

SPECIFY THE CUT CFF FREQUENCY IN RAC/SEC. 

OMGAC= 100.000 



SAMPLING TIME IS T 
T = .ulCC 

IMPEDANCE SCALE FACTOR IS SIMP 
S I MP = 50.000 



FREQUENCY SCALING WITH PREWARPING AS '*ELL AS TAKING INTC ACCUNT 
The EFFECT OF SAMPLING TIME IS SFREQ 
SFftEO=OTAM CMGAC^T/2 ) 

RS=RS*3IMP 
A 11 = A LI *SIMF/SFP£Q 
C 2=C 2 / ( SI SFREQ) 

AL3=ALJ*$IMP/SFR6Q 
C4-C4/< S IMP*SFREC) 

A L5=A L5-SI MP/SF REQ 
C6-C6/ ( S I M f* SFREQ} 

AL7=AL7*SI M P/ SFREQ 
RL=R L*SIMP 
WR17E(6,29 ) 

FOR Mm T ( 5X , 1 THE SCALEC COMPONENT VALUES ARE * , / / ) 

WRITE(6,Z2J ALlfCZfAL3,C4 f AL5tC6,AL7 

F C RMA T ( 5X , * LI = 1 , E12 . 5 ,3X , *C 2= 1 , Ei 2 . 5 , , L3- , ,E12#5,3X, , CA- 1 ,£ 12 • 5 ,3 X 
it ' L5= 1 ,E12«5,3Xt f C6 sV ,c 12* 5 , 3X, * L7 = l ,£12.5,/ / ) 

WP ITE(o,18) RLt PS 

FORMA"* (10X ,» R L=* ,E12.5,5X, • RS= 1 , E12 .5, / / ) 

FILTER SCALE FACTOR FROM DATA IS COEF 
CCEF= (FS+RU/ RL 
*R ITE ( c,37) COEF 

FCPMATI5X, * THE FILTER SCALE FACTOR I S . . . . 1 , E 12. 5 , // ) 

CALCULATING THE WAVE CIGITAL FILTcR MULTIPLIER COEFFICIENTS 



R 1= .R S 
k^=A1+AL1 

S I GMA 1 =R1 /R2 
G^=i. CCO/R 2 
uJ-G2 *C2 
SI GM A 2-G2 / G3 



* 

Graphx, subroutine is given in Computer Program No. 1. 
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»2=1. C00/G3 

R 4=R 2 +AL3 

5 IGMA3=R3/R4 

G4 = l. CQ0/R4 

u3 s G4 +C 4 

S IGMA4=C4/G5 

R 5=1. CD0/G5 

Rc = R S +AL5 

SIvjMA5 = R5/R6 

G 6= 1 . CD0/R6 

o7 = G6 ■* C6 

SIGMA6=uo/G7 

R 7= 1. COO/G7 

R8=R7 + AL7 

SIGMA 7 = R7 /R 3 

PH 1= ( RL-R8 ) /(RL+R8) 

C 

WRITE (6 ,42 J 

42 FORMAT { 5X , ' THE WAVE DIGITAL FILTER MULTIPLIER CCEFFICIENTS ARE.... 
*» ,// ) 

C 

WRITE (6, 10) S I GMA I, SIGMA 2, SIGMA 3, S I GMA 4 , SI S«A 5 , SIGMA6 , SIGMA7 ,PHI 
10 FORMAT (/ ,4X , ' S I GMAl = ' ,Fo.4,4X, ' SIoM A2= ' , Fo.4,4X , 'SIGMA 3= ' ,Fc. 4,4X, 
l ' SIGMA 4=' ,r o. 4, 4X, ' SI GMA5=' ,ro. 4,‘tX, ' SIGMA6=» , F6 .4 , 4X , ' S I GM A7= • , F6 
2.4,-tX , 1 PH i = ' , F o . 4, /} 



FREQUENCY RANGE IS CHOSEN TO 3E TWICE THE CRITICAL FREQUENCY 
FREQUENCY INCREMENT 
DlTA*=OMGAC /50. CO 

INITIAL VALUES IN FREQUENCY DOMAIN 

INPUT IN TIME DOMAIN IS AS 

AS=1. COO 

H=0.0C0 

I TIER AT ION IN THE FREQUENCY DOMAIN 



CC 110 J=1 , 98 

INITIAL VALUES IN TIME DOMAIN 



Ali=AS*CCEF 

H 2 = DC M p L X { C. COO, 0.000) 
T 7=0 .0C0 
X 1 4= C . CO 0 

AcJ=U .000 

X24=0.0 00 
X3 3=0 . COO 
X j4= 0 .000 
X43 =0 .000 
A 4= G • COO 
a 52=u .000 
X 54=0 .000 
Xt2=C.C00 
X o 4 = 0 .0 GO 
a /2 = C . COO 
X 7 2= o .000 
X74=0.000 



ITTERATI3N IN THE TIME DOMAIN 



DC ICC 1=1 
5 12= A 11+ Ail 
822=X3j +5 I G 
o o2 = c X2 R 

3 4 <.= X oi + S I G 
E5 2 = 642 + X44 
3 c2=X7^ + SIj 
37 I = cti. + Xo4 
472=072* Prii 
37 1=E 62+SI^ 



50C 

— X23 + SIGMA 1*( X23-X14) 
M A2 * (3U + X 14-X33-X 24 ) 

— X *.3 +S I G A o = I X43— X3*+) 
M A 4 = ( 2 2 2 + X j 4— > 5 3— X 4 4 ) 
— X 63 *S I G M m 3 * ( XC3-X34) 
MA6* ( B 52+ X5 4- > 73-Xo4) 
-X 72 +3 IGM A 7* ( >72-X74) 

Mi 7* (A 72-8 62+ x 72- X 73 ) 
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c 

c 

c 



100 

c 

c 



• no 

r 

54 

55 

20 

C 



3fcl=37l-352+X73+SIGMA6*( B52-X63 ) 
551=342+5 iG M A5*(bt>l-Sn2 + Xfc3-X53) 
3 4 L = 3 d 1-832 + X53+SIGMA4* ( B32-X43 J 
33 1=8 22+SIGMA3*(64i-822+ X43-X33) 
£21= E31-B12+X33 *$ IGMA2*<3 12-X2 j ) 
3 1 1=A 11+$1GMA1*(321-A11+X23-X13 J 

UPDATED VALUES 



X 11= All 
X 13=611 
X 14=8 12 
X 6 21 
X24=622 
X 33=8 3 l 
X34=6 32 
X43=841 
X 4 4=3 4 2 
X 53= 8 51 
X54=652 
X fc3=6 61 
X 6 4= 8 6 2 
X 72 =A 72 
X72 = B 71 
X 74 = 872 
A 1 1 = 0 . 000 

W 1 = o C v P LX (0 .000, -W7 ) 

Z= CJExP(Wl) 

H2=H2+372^Z 
TT=TT+T 
CONTINUE 

0 e = CD4ES(H2 )*(1 .000+PhI J/2 
ARRANGING TbE GLTPUT DATA 
CATA( J,1 )=A 
DA i A( J ,2 ) =08 
OA TA( J,3)=O.ODO 
w = *OLTAW 
CONTINUE 

XRITE (6,54) 

FC MAT <• 1 » ) 

FCSMATtiox! * FREQ' , 2 IX » 'OUTPUT NO I'.IC 
*PITE (c ,2 0) ( (0A7A< N, ^ J , V = 1 ,3) , N = l .98) 

C ALl. ERA? HX< DATA.9S, AHFRE G , 9HMAGNI TLOEJ 
FCMA7(20X, E12.5 ,10X,E12.5 ,iOX,E12.S) 



1CX, 'OUTPUT NO 2' ) 



STO p 

ENC 
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D. 



7i 

r£ m P uter Program No. 5 . Program for unity impulse response of the 
conventional cascaded digital filter with' the given spSli^tion . 



****:*****7iME RES PONCE * ** a****** 

CCN'IVENSIONAl OIGITAL FILTER design 



IMPLICIT Re AL*8 (A-H,0-Z) 
DIMENSION DATA (a:10, 3 ) 
CCVPLEX*I6 2 
01 PENSION A ( 8 ) » Z l 7 ) 



rrvo^cNT^w;, 5 ^c CHE3£CH£V L3^-PASS FILTER WITH PS=2.Q 
CCVPCNENT VALUcS 



£ 4 £ $ jjt # 4r # 



iNOUCTANCE AND CAPACITANCE VALUES IN FENRIES,ANC FARAOS 

T0 Crtli 1CAL FREQUENCY 3F 1 RAO/SEC AT 2 OB PCINT 

W I TH RL=1 



R S =2 . 000 
A L 1 = 2 .42750 0 
C2=. 747000 
A L3 =4 .369500 
C 4= . 637700 
A L 5 = 4 .46860 0 
C6=.8 13700 
A L 7= 3 . 4 C5C0 C 
R L= i .000 
RRITE{6,27) 

27 FORM AT ( 5X f * THE UNSCALED COMPONENT VALLES ARE’,//) 
WRITE(Ofi8) RL, RS 

*RITE( 6 ,22) A LI ,C2 ,A L3 , C4 , AL5 , C6 , A L7 

SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

0 MG AC =1 OC. 000 



SAMPLING TIME IS T 
T=. 0 1 00 

IMFEOANCE SCALE FAC T 0R IS SIMP 
SI MP=5C. 00 0 

FREQUENCY SCALING WITH PREWARPING IS SFREQ 
SFRcQ=2*QTAN( 0MGAC*T/2 J /T 
R S=R S *S IMP 
ALi=All.*SI MP/S FREQ 
C 2=C 2/ ( 5IMP*SFREQ) 

A L3=A L3*S I M p/SF P£Q 
C *t=C 4 / ( $ I MP*SFREQJ 
At_5=AL5^SIMP/SFREQ 
Co=C6/(SiMP^SFRE0 J 
Ac 7= A L 7* SI M P/SFR6Q 
RL=RL-SIMP 
WR ITE (6 ,29 ) 

FOR 1 A T ( 5X , 1 THE SCALED COMPONENT V ALU ES ARE‘,//J 
WR IT E 1 6 * ) AL 1,C2, A L^, C 4, AL 5, C 6 , A L 7 

FORMAT ( 5 X ,• Ll = 1 , Ei 2 . 5 , 3X , * C 2= • , El 2 . 5 , ‘L3= * , El 2 . 5 , 3X , 1 C 4= * t E 12 . 5 , 3X 
1 , 1 L5 = * ,c 12 . 5, 3X , * Ct>= 1 ,fcl2.5,3X, • L7=' ,E12.5,//J 
wR i7c(6,18J RL, RS 

FORMAT 1 1 0 X , 1 RL=* , El 2 .5 ,5 X, • RS»* , El^ .5 ,// ) 

lALCULATIQN OF the COEFFICIENTS OF 



h (S )=K/ (S7+A6*$o+A5*S5+A 4*S4 +a 3*S3+A 2*S2+A 1*S1+AC> 



A A C = ( RL + RS) /RL 
C 

C F ILTEP. 'SCALE FACTOR FROM CATA IS C06F 

CU EF= A AO 

W k IT E ( 6 1 3 7 J CGEF 

37 FOR *1 A T ( 5X » * Tnc FILTER SCALE FACTOR IS - 
C 

AA1 = { AL1 + AL3 +AL5+AL7 ) /RL +RS *( C2+C4 + C6 J 



, E12 .5, // ) 



* 

Graphx, subroutine is given in Computer Program No. 1. 
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41 



40 



*3 



*A2 = ( AL 1 +AL 3 + AL7 4RS/RL 1 +C2*(AL1+(Al 3+AL 5+AL 7) *R $ /RL 1 +A L5* ( 

*Lc+C4*RS/RL) 

4 A -?- Ll+AL 3 )*( AL5+AL 7 ) *C4/RL+( A L 3+AL 5 ) *( C 2*C 6*R S+ < C6* A L7+C 2* A LI ) / 
*RL ) + C+4RS * ( C2* A 13 +AL5 *C6 )+AL1 *Al7-*(C2-*C6)/RL 

* ( AL5* C6* I C2 +C4 ) +ALJ*C2* (C4 + C6 ))+C4*AL5*AL3*(C6 

* + C<:*RS/ kL ) 

Aa3=AJL1* (C2*AL3*( C4* ( AL5 + AL7 1 +C6*AL7 ) + AL5 *C6 *AL 7* ( C2+C4 1 ) /RL+4L3*C 
*4 = Al 3 *C o*(AL 7 /RL+C 2 *R SI 
AA6=C2’ !t AL3*C4*AL5*Co * ( AL7 *RS/RL +AL 1 ) 

AA 7-( AL1*C 2*A L3 *C4* ALS^Cfa* AL7 1 / RL 

A(1 1 = 1 .000 
A( 2) = AA fc/AA 7 
A ( 3 J= A A 5 /AA 7 
A 141 =AA4/AA7 
A ( 51 = AA3/AA 7 
A (61=AA2/AA 7 
A (7) = A A1 / AA7 
A ( cl-AAD/AA 7 

CCcri =CCEF/AA7 
«F ITc (6,41) 

FORMAT (5X,'THE COEF. OF H( S 1 =i</ ( S 7+A 6*S6+A 5 * S 5+A 4*S4+A 3* S3+A 2* $2+ 
IaI-SI+AG) ARE ' ,/) 

WR I7E( 6,40) A ( 2 1 , A ( 3) »A(4) ,A(5) ,A ( 6 1 , A ( 7 ) , A ( 8 ) 

FORM AT <5X ,1 A6 = * ,E12 .5 ,3X , 'A5= ' , cl 2- 5, 2X, *A4=’ , E 12 . 5 , 3 X , 'A 3= ' , E 12. 5 
1,3X,'A2 = , ,c 12.5,3X,'A1 = ’,E12.5,3X,'A0 = , ,E12.5,/1 
WP. r5(o,43 1 C0EF1 
FORMAT (5X,' K = ’ , E12 . 5 ,//) 

CALCULATION OF THE COEF. CF THE EQN . 

H { S) = K/( S2+Al*S+31) ( S2 +A2* 5 + 821 ( S2+A3* S+33 ) (S + 04) 



N0EG=7 

CALL ZPQLRt A, NO EG, Z , I ER 1 

Pi = -2 .0 CO = R EAL ( Z(1 1 1 

FI =RE a l(Z< l ) )** 2 +AI MAG (Z< 1 ) 1**2 

? < l =- 2 . 0D0*R c A L ( Z ( 3 1 1 

F 2 -R E A L ( Z (3 ) )** 2 +AiMAG(Z( 3 J )**2 

P i=-2.G00-REAL( Z( 5) 1 

Fj = SEAL(Z<5))* : <-2+4I‘'<AG(Z(5) )**2 

P4 =— R E A L ( Z ( 7) 1 

??= 1 . COC/AA 7 

A R IT E ( 6 , 42 1 

42 FORMAT ( 5 X , 1 TH.E CCEF. CF h(S) ARE 

1 F.( S) = K/< S 2 +A 1 *S+B 1 ) ( S 2 +A 2 -S + 3 2 ) ( S 2 +A 3 *S+B 3 ) ($+ 347 ' ,//) 

WRITE (o,60 1 PI ,F1,P2, F2, =2,F3,P4,C0EF 1 
0 F0 R.MmT( IX ,’ Al=' ,E12 . 5 , IX , ' SI =' , El 2 . 5 , 2X , » A2 = ' , E 12 .5 , IX , ’ 02= ' , 6 12 . 5 
l, lX , ' A3= ' ,E 12. 5, IX, 'B 3= ' , E12. 5, 2X , 1 A 4=' ,E12. 5,3 X, ' K=» ,E12.5 ,//) 

CALCULATION OF THE COEF OF ri(Z) WITH SAMPLING PERIOD OF T 



-17 -1 

H ( Z) =ri*I 1+Z 1 / ( 1 +A 4* Z 1 ( 1+A 1 *Z 



1 -2 -1 -2 -1 -2 
+3 1*Z 1 ( 1+A 2*Z +B2*Z) ( I+A3Z +33Z 1 



F= 2 . 0 C 0 /T 

FF=F*F 

3 j.-Z . 000 * ( F L-FF )/(FF+Pl*F+Fl) 

0 . = ( FF-Pl*r +FI 1 / (FF+P 1 *F + F 1 ) 

02=2. CDG+ (F2-FF)/(FP+P2*F+F2 1 
D^ = ( FF-P2-F+F2) / ( FF +P 2*F + F21 
o3=2 .OCC = (F3-FF 1/ ( FF+P3*F+F3 1 
D j=( FF-rP3-F+F3) /(FF+ P3*F+F3 ) 

3 1 — ( P 4 — r 1 / ( P +F ) 

CLEF2 =CCEFl / ( ( P4 + F) *( FF+F*P 1+F1) *( FF + F *P2+F2 1 *< FF + F*P3+F2)) 

FL;'MA + t = ’xf J 'THE COEF. OF L~*~ L AMD Z+*-2 IN QUADRATURE FCFM AND TCT 
IAl MUlTLYING FACTOR .< ARE...',/) „ _ _ 
flPITc ( 6 , oO) 31, 01, 32, 02,33,03, 34, uCEF2 
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IN IT I IL VALUES 
INPJT IN TI ME 



UP=-l.UD0 
LFF = UF*COEf 2 
X 1=0. COG 
X2=0 .CCO 
X3 = C. COO 
X<i=C.0D0 
X5=0 .000 
Xt=C. COO 
X7=0 . 000 
0LTAT -0 .0 00 

I TT ER AT ION IN 



DOMAIN IS UP 



THE TIME DOMAIN 



00 100 1=1, 93 
VI =UPP+X1 
V 2=V 1+ X 2 
V j=V2+X3 
V=V 3+ X4 
X i=UP P— 34=*V 1 
X2=2*V1-B1 *V2.+X5 
Xi=2* V2-32*V3+X6 
X A=2*V6-33*V+X7 
X5='/l -01 *V2 
X6=V2-02*V3 
X7=V3-03*V 

FOR IMPULSE RES PONCE UPP IS SET TO ZERO FOR THE NEXT ITTERATION 
UPP=0 .0D0 

ARRANGING THE OUTPUT OATA 
DX~ A ( 1 » 1 ) = OLT AT 
DATA ( I ,2 ) =V 
DATA! I , 3 ) =0. 0D0 
OlTAT=OLTAT +T 
100 CONTINUE 
C 

WR ITE (6,54) 

5A FORMATCl’J 
ITE 1 £,55) 

55 FORM AT UOX, 'T IME' ,2 IX, 'OUTPUT NO 1 ', 1CX, 'OUTPUT NO 2') 
nRI TE 16 ,20) 1 ( CAT A ( N » M ) , M=1 ,3 ) , N=1 ,98 ) 

Call GR-PHXl DATA, 98, AHTI ME , 9HMA GNI TUOE ) 

20 FORMAT (20X , E12 .5 ,10X,E12.5 , 10X, E12.5) 

C 

STOP 

END 
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^ om Pute r Program No 4 « Program for transfer function of the con- 
ventional ca^cadedalg'ital filter with the given specification. 



C 

C 

c 

c 

c 



c 

c 

c 

c 

c 

c 

c 

c 

c 



27 



C 

c 

c 

c 

c 

c 

c 

c 



29 

22 



C 

C 

c 

c 

c 

c 

c 



la 



37 

C 



**** FREQUENCY RESPONCE **** 
CONN VENSI ONAL OIGITAL FILTER DESIGN 



IMPLICIT RE£l*3 (A-H,C-Z) 
C0M?LEX*i6 wT,2,Y,H 
OIMENS ICN 3ATAI210, 3) 
DIMENSION A ( 3) , V ( 7 3 



C CAPONE NT VALUES 

*,********.503 CHE3ECHEV LOW-PASS FILTER WITH RS=2.0 



* **♦ $$ $$ 



inductance anc capacitance values in henries, anc faraos 

NORMALIZED TO CRITICAL FREQUENCY OF 1 RAO/SEC AT 3 OB POINT 
WJTh RL=i 



RS=2.COO 
A a 1=2 . 42 75DO 
Cc = . 7 47 0)0 
AL3=4. 269500 
C 4 = . 837700 
AL 5= 4 . 48860 C 
Co= . 313700 
AL 7=3 .405000 
R L= 1 . CO 0 
WRI7E(6,27) 

FORMAT (5X,' THE LNSCALEO COMPONENT VALUES ARE',//) 
*RI7E(c,13) R L , R S 

wRI TE (6 ,22) ALi,C2,AL3,C4,AL5,C6, AL7 

SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

OMGAC =100.0 00 



SAMPL ING T IMF IS T 
T = .01 CO 



IMDECANCc SCALE FACTOR IS SIMP 
Sii v P = 50 .000 

FREQUENCY SCALING WITH PREWARPING IS SFREQ 
SF RE C =2 *0TAN(0MGAC*T/2)/T 
R S=RS*5IMP 
AL1=AL1-S IMP/S FREQ 
C 2=C2 / ( S I MP* SF R EG ) 

ALi=ALJ-SIMP/SFREQ 
C*=C4/( S IMP^SFRcQ ) 

AL5=AL5-SI A ? / 5F REQ 
Co=C6/< S IMP^SFREQ ) 
al7=A17*SI MF/SFPEQ 
Rl=RL*SIMP 
WR IT E( 0,25) 

FORMAT (5X ,' THE SCALED COMPONENT VALUES ARE',//) 

*R ITEI c ,22) AL1,C2,AL3,C4 ,Al5 , C6 ,AL7 

FORMAT (5X, ' L 1= ' , Eli . 5 , 3X , 'C 2= * , E 12 . 5 , ' L3= ' , E 12. S , 2X , ' C 4 = • ,E 12. 5 , 3 X 
1 , ' l5 = ' ,ci 2. 5,3 X ,' Co = ' ,E12 .5 ,JX , ' L7 = ' ,E12 .5, / / ) 
i>P 1 T E ( c , 18 ) RL, RS 

FORMAT UJX, ' RL= * , C12.5 ,5X, 'R S= ' , E12.5, // ) 

CALCULATION OF THE COEFFICIENTS Ur 



H( S)=K/< S7+A6*S6+A5*S5+A4*34+Aa*S3+A2*S2+A1*S1+A0) 
AaC= ( Pl+RS) /RL 

FiLTEr'sCALE FACTOR FROM OATA IS COEF 

CCEP=AAC 

„R ITE(o,_>7) COEF 

F uRMA T (5X , 1 The FILTER SCALE FACTOR IS ’,E12.5,//) 

A A 1= ( 1L1+AL3+AL 5 + AL 7) /RL + R S* ( C 2K 4+C t ) 



* 

Graph*, subroutine is given in Computer Program No. 1. 
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c 



c 



41 

40 

43 



AA2=( C4+C6) *( AL 1+AL 3+AL 7 *RS/RL) +C 2 * ( A H+( A L3 + A L 5+ AL7) *RS/RL)+AL5*< 
*uo+C4*RS/rl) 

rlr? hi? A, rH-{Pk 5 t AL 7)-C4/RL + ( AL3+AL5 )*<C2*C6*PS+(C6*AL7+C2*AL1 )/ 
**L )-*-C4*RS* I Ca*AL3+AL 5*C6 ) +ALj. *Al 7 *< C2+C6) /R L 

~L1+Al 7=RS/RU * ( ALS’Kb* ( C2 +C4 1 +A L3*C2* ( C4+C6 ) ) +C4* AL 5* AL 3*1 C 6 
*+• C L ) 

4 A 5f »U *( C2 *AL3 *<C4*( AL5 + AL7) +C 6*AL 7 ) +AL5*C6*AL 7*(C2+C4) ) /RL+AL3*C 
*4 *Al3=Co* ( AL7/RL+C2*RS> 

A A6-C 2 $AL.s* : C 4~AL5*C 6~ ( AL 7~R 3/RL+AL i ) 

A A7 = ( Al1*C2*AL3 *C4*AL5«C6*AL7 )/ RL 



A < 1) = 1 .000 
A (2) = A A6/4A7 
A l 2) =AA5/AA 7 
A < 4 ) = AA4/ AA7 
A l 5 ) =A A3/ AA 7 
A ( o) = A A2/ AA 7 
A ( 7 )= AA1/ AA7 
a < a j = aao/aa7 



CCEF1=C0EF/ AA7 
WR JTE ( 6 ,41 ) 

FORMAT ( 5X, • THE COEF .OF H< 3) =K / ( S7+ At* S6+ A5* S 5*A 4*$4 + A3* S3 +A2*S2+ 

1A1*S1*A0) ARE*,/) 

«RITE(6,40) m ( 2 ) » A I 3 ) , A ( 4 ) , A ( 5 ) , A (6 ) , A ( 7 J , A ( 8 ) 

FCRMATt 5X , • A6 = • ,E U.5,3X, 'A 5= ' , £12. S,2X,' A4 = ' ,E 12 . 5 ,3X , • A 3= • , E 12 . 5 
1 ,oX ,' A2 = ' ,£12 .5 ,3X, ' Al=* , £12.5, 3X, ' A0=* ,E12 .5, / ) 

'tP. I Tfc ( fc » 43) COE F 1 
FORMAT ( 5X » ' K= ' , 612.5, //) 

CALCULATION CF THE COEF. CF THE EQN . 

H( SJ = K/< S2 +A1 01 ) (S2+A2*S+82J (iI+A3^S + 83J (S+84) 



N0£G=7 

CALL ZPOLRt A,NOEG,Y,IER) 

P i=-2 .0004REAL l Y( 1J ) 

FI-REAl (Y < 1 )J-*2+AiMAG (Y ( U )**2 
P ^=-2 . CJO^RE AL ( Y I 3) ) 

F2=REiLlY(3 ) ) ** 2 + A IM A G ( Y ( 3 )) **2 
Pj=-2.000-S£AL(Y(5) ) 

F^=REAL< Y( 5) ) ** 2+AI M AG ( Y ( 5) )**2 
P4=— R EAL ( Y l 7 J ) 

PP = 1 . CDC/AA7 
*R IT E ( 6 , 42 ) 

42 FORMAT ( 5 X THE COEF. CF H<S) ARE 

1 H ( S)=K/< S2+A1*S+S1) (S2+A2*S+32)i$2+A3*S+e3 XS + B4)' ,//) 

WR ITE(6»6C) PA,Fl,P2,F2,P3,Fj,P4,COEFl 
0 FORMAT (IX ,’ A1 = ' ,612 .5 ,1X , • 81= ' , E12. 5 ,2X, ' A2= ' , E 12 .5, IX, >8 2= ' ,E 12. 5 
1, 2X, 'Aj=',c 12. 5 , IX, ' 8 3=' ,£12.5,2X,' A4=* , El 2 . 5 ,3 X , 1 K = * ,E12.5,//J 

CALCULATION CF THE CCEF OF H(Z> WITH SAMPLING PERIOO OF T 



-1 7 -1 -1 -2 -1 -2 -1 -2 

H (Z) = K=>( 1+Z ) /<1+A4*Z )<1+A1*Z +3 1* Z )(H-A2*Z +B2*Z) ( 1 +A3Z +83Z ) 



F=2. OOC/T 
F F = F * f 

o L= 2 . COC* ( FL-FF )/ (FF + P1*F+F1 ) 

0 1= (FF-P 1 =F + F 1) /(FF+P l*F+Fl) 

82=2 .CCO*< F2-FF )/ ( F F.+e 2 *F +Ft) 

J2 = ( FF-P2-F+F2) / < FF + P2*F + F2 ) 
oo = 2.0C0* : ( Fj-FF I/lFF+Pj^F-t-FS) 

02 =1 Ff-P:>*F+F3 1/ (FF*P2*F+F3) 

3 z, - ( p 4 — p ) / ( P4+<- ) 

CCEF4=CCEF1/ ( ( P4+F) *(FF+F*° 1 + F 1 ) *( F F +F *P2+F 2) * ( FF +F *P3+F 3) ) 

1C ( b r C 6 ] 

06 FORMA T< 5X, ' THE COEF. CF Z**-l AND Z**-2 IN CUACFATURE FCRM ANC TCT 
1 A L MULTLYiNG FACTO c K ARE...',/) 
aR ITE (6 ,oC) 3 l ,-i ,52 ,C2 ,83 ,uJ ,34,CCEF2 
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C INPJT IN TIME OCMAIN IS UP 

U P = i .oco 
UPP=UP J ! t CCEF 2 

FREQUENCY RANGE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENCY 
FREQUENCY INCREMENT 
CLTiW=uMGAC/50.C00 

INITIAL VALUES IN FREQUENCY DOMAIN 
W=C. OCO 

I TTER AT ICN IN THE FREQUENCY DOMAIN 



DC 11C J=l,98 

INITIAL VALUES IN TIME DOMAIN 

U F 1 =U F P 
TT=0. COO 

h = CCMPLX( 0.000, 0.3 DO ) 

X1 = 0. COO 
X 2=0 . ODO 
X3 =0.000 
X4=0. CD C 
X 5 =0 . OCO 
Xb=0. CCO 
X 7=0. COO 

I TTcR ATI ON IN THE TIME DOMAIN 



100 

c 

C 



110 

c 

54 



55 



20 

C 



OC IOC 1=1,500 
V 1=J? 1 + Xl 
V2=V1 +X2 
V2=V2+X3 
V= V3 +X 4 
X 1 =UF 1 - 64 *V l 
X2=2-U-31-V2+X5 
X jsE^V^-B^-VJ+Xd 
X4=2-V3— B3*V+X7 
X 5= V 1-0 1- V 2 
X6=V^-C2*V3 
X7 = V3-03*V 
UP 1= C . CDO 
W 1=W*TT 

WT-OC M P L X ( C. ODO ,-Wl ) 

Z= CD EXP ( WT ) 
n=h+V*Z 
T T=TT +T 
CONT INUE 

0a=CDA9S(H) 

ARRANGING THE OUTPUT DATA 

D A T A ( J , 1 ) = W 

DATA! j ,2) =DA 

DA T A( J,3)=0 .ODO 

In = Ut D L T AW 

CCNTI ,NUE 



* RI TE ( 6 , 54 J 
rQRjj AT ( * 1*1 

^CRMk Itl OX 1 ' H RE C' ,21X, 'OUTPUT NO 1 • , 1 OX , • CUT PUT NO 
*4 i T E ( o , 2 0 ) ( (DATA! M) , ‘t=l, j >) ,N= 1,981 

;*-U DFAPHX (DAT A,93 ,4HFREC,tH'|'AuN) 
r0RMATl20A,E12.5 ,1CX,E1 a.5 ,10X,E12.^J 



2 ' ) 



S TCP 
ENC 
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[1] .Anatol I. Zverev, Handbook of Filter Synthesis, 1967, published 
by John Wiley and Sons, Inc. 



197 



onnno ooo oo oo nnnnonnn oooooo 



APPENDIX 2 



A - Computer Program No. 5 . Program to calculate the rms error due to 

truncation in the number of bits of wave 
digital filter multiplier coefficients. 
**** FREQUENCY RESpqnCE **** 



FB?hI ? 4h S ?^fy a ;2?E CI D!oI? 1 L% J ?tlEl| ON IN N0 - ° F B,TS 






IM?LICI T REAL *8 ( 4-H, 0-Z) 
DIMENSION DAT A ( 213 ,3) 
DIMENSION DATA3(210,3) 



**********. 5DB CHEBECHEV LOW-PASS 
CQ M0 ON ENT VALUES 

inductance and capacitance VALJES I 
normalized to critical frequency of 

W 1TH RL=l 



filter. WITH RS=1.0 ******** 

N fenries,anc farads 

l RAD/SEC AT 3 08 POINT 



13 



3 7 



R S= 1. 
A H = 1 
C 2 = 1 . 
A L 2= 2 
C4 = l . 
A L5=2 
Co = i . 
AL7=1 
RL = 1. 
W R I"E 
F CRMA 
WP ITE 
FORMA 



000 

.789600 
2961 DO 
.71770 ^ 

3843 DO 
. 71 77D0 
2961D0 
.789600 
CDO 

(6,13) RL , RS 

T ( 1 0 X , ' RL= ' , F6.4.5X, »RS = ' , F6.4,/) 

(6,22) AL1,C2,AL3,C4,AL5,C6,AL7 

-(5X,* L1=',E12.5,3X, 'C2=',E12.5, ' L3= • , E 12. 5, 3X, 'C4=' ,E12.5,3X 
• ,E12. 5,3X,'C6 = ' ,E12 .5 ,3X, 'L7 = ' ,612.5,// ) 



FILTER SCALE FACTOR IS COEF 
C3EF=(RL+RS) /RL 
W= IT E( 6,3 7) COEF 

FORMAT (7X ,' THE FIL T ER SCALE FACTOR I S . . . . • , E12 . 5, // ) 

SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

3MGAC =1.000 



SAMPLING PERIOD IS DL TAT 
0LTA7 =1.000 



FREQUENCY SCALING WITH PREWARPING AS WELL AS TAKING INTO ACOUNT 
TmE EFFSC r OF SAMPLING T IME IS SCALE 
SC AwE =1.000 /0TAN(0MGAC*0LTAT/2) 

AL1=AL1*SCALE 
C2=C2*SCALE 
A L3=A L3*SCALE 
C4= C4-SCAL E 
A l5=A LS^SCALE 
C6=C6«SCALE _ 

A L7 = A L7 *SC ALE 



:ALCULA7I0N TO FIND the TERMINATING RESISTANCE Cr EACH ELEMENT 
AMD WAVE DI GI T AL F ILT ER ‘1ULT j_PL IER _C3cFF I C I ENT S 



WITH NO DELAY FREE PATH CN PORT TWO 



R1 =RS 
R 2=R 1 >A LI 
SIGMA i= R 1 / R 2 
G 2 = 1 . 000/ R2 
vj 3=S2+C 2 
S IGMA2=G2/G3 
R3=l. C00/G3 
R 4=R 3+4L3 
S i GM A 3= R3/R4 
G 4=1 . 0D0/R4 
G3= G4 +C 4 
S i GMA4=G4 / G5 
R 5=1 . ODO/G5 
Ro = P 5+AL5 
S 1 GMA5 = R5/ R6 



Subroutine Graphx is given 



in Computer Program No. 



1 of Appendix 1. 
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c 



42 



C 



10 



c 

c 



G6=l. 000/R6 

5 7=G 6+C 6 

3 I G'-* A6= G6/ G7 

R 7=1 . C00/G7 

R 5 =R 7 +A L 7 

3 I JMA7=R7/R8 

PH I — ( RL-R8) /( RL+R8) 



WRIT E<6,42 ) 

F0RMATI5X THE WAVE DIGI T Al FILTER MULTIPLIER COEFFICIENTS ARE.... 

*' ,// ) 



WP ITE(6,10) SI 3 MAI »SI GMA2 ,SI 3 MA3 , S I GMA4 ,S I GM A5 , S I G«A6 , SIGMA7, PHI 
FORMAT! / » 4X , 'SIGMA 1= • ,F 6. 4, 4X, ' SIGMA2=' ,F6.4,4X ,' SIGMA3*' ,F6.4,4X, 
1 ' S IGMA4 = ' , F 6 .4, 4X * ' S I GM A5= ' » F6. 4» 4X » ' S IGMA6= ' , F6 . 4, 4X , ' SI GM A7= * , F 6 
2.4.4X , *PHI=' ,F6.4,/) 

I NP'J t IN T'ME DOMAIN is AS 
A S-l . ODO 
U?=AS *COEF 



CALCULATION OF THE FREQUENCY RESPONCE OF THE 
FILTER WITH PRACTICALLY INFINITE PRECESION 
IN ORDER TO SET THE REFFERENCE DATA 

CALL FILTER (UP , S I GM A 1 , S I G MA 2, S I GMA3 , SIGMA4, SI GMA5 ,SI G MA6 , SI G MA7 , PH 
* I ,DA T A,GM3AC,DLTATJ 



DO 220 JJ= 1 » 20 
NG3 T S = J J 



CALCULATION OF THE EROOR IN THE FREQUENCY DOMAIN DUE 
T 0 QUAN T 1ZATI0M OF T HE WAVE DIGITAL FILTEP PARAMETERS TO THE 
REQ'JI RED NO. OF BITS 

CALL FILERR (UPfSIGMAl ,S IGMA2»S I GMA3 * S I GMA4, S I GM A 5 , SIGMA 6 , SI GMA 7 , PH 
*1 tDATA fNCJBTS t ER t OMGAC ,DLTAT) 

OU ? PU~ CATA SET UP 
0ATA3 ( JJ,1) =JJ 
DATA3 ( JJ »2 ) =ER 
0ATA3 ( J J ,3 J =0.000 

CONTINUE 

PLOT OF THE R.M.S. ERROR DUE TO QUANTIZATION IN THE NO OF 
3 ITS OF W AV E DIGITAL FILTER PARAMETERS VERSUS THE NO. OF BITS 



54 

55 

20 

C 



WF, IT E ( 6,54) 

FORM AT( ' 1 • ) 

WRITE (6,55) 

FORM AT( 20X, 'NO. OF BITS' , 15 X, 'MEAN SOLAR ERROR' 

W R I ~ E ( 6 , 2 0 ) ( (DATA3 (N ,M) , v= 1, 3) , N= 1, 2C ) 

CALL GRAPHX(DATA3,20 , 4H N? IT ,4HMS ER) 

FORMAT! 23X,E12. 5 ,10X,E12.5 ,10X,E12.5) 



,/) 



STOP 

ENO 
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filter 



S L3.R0 UTINE FI ITER (UP, SIG MAI ,$ I GM A2 , S 1 GMA3 , S IGMA4,SIGMA5»S IGMA6»SIG 
*'■14 7,?HI»DATA» 0M3AC » DL TAT) 

SUBROUTINE FILLER TAKES T HE VALUE OF THE INPUT IN THE TIME 

domain and plots the magnitude vers, frequency curve 

OF THE WAVE DIGITAL FILTER 

IMPLICIT REAL*9 (A-H.o-Z) 

C CMPLEX* 16 H2.W1.Z 

DIMENSION DATA! 210,3) , DTI 21 0,3) 

FREQUENCY RANGE IS CHOSEN TO 3E TWICE THE CRITICAL FREQUENCY 

FREQUENCY INCREMENT 

DLW=OMGAC/50 

INITIAL VALUES IN THE FREQUENCY 03MAIN 

W =0.000 

I TTE RATION IN THE FREQUENCY DOMAIN 



DO 110 J = 1 » 98 

INITIAL VALUES IN TIME DOMAIN 

H2=DCMPLX( 0.000,0.000 ) 

TT=0. CD 0 
Xll=0 .0 00 
X13=0.0D0 
X 14=0 .000 
X23 = 0 .000 
X2A-0.CD0 
X33=Q .000 
X 34=0 .000 
X 4 3=0. 000 
X 44=0 .000 
X 5 3=0. 0 00 
X 54= 0. CO 0 
X6 3=0 .000 
X64= 0. 000 
X 7 2= 0.000 
X 73 = 0 .000 
X74=0. 000 
A 1 1=UP 

ITTERATION IN the time DOMAIN 



DC 1 
3 12= 
3 22= 
332 = 
3 42= 
352= 
362= 
5 72= 
47 2= 
3 71 = 
3o 1= 
55 L= 
5 4 1 = 
33 i= 
321 = 
3 11= 



00 1 = 1 , 
1 1 ♦ XI 1 
X33+S IG 
B22+X24 
X53+SIG 
B A 2 + X44 
X73+SIG 
3 62+ X04 
372* n HI 
3 o2 + SI 3 
3 71-3 52 
642 +S IG 
3 51-332 
a 22+S IG 
331-612 
A 11+SIG 



500 

— X23 + SIGMAl*(X23— X14) 
MA 2* (3 12+ X 14- X33-X24) 
-X 43 +S I GM A3* ( X43-X 34 ) 
M64* ( 6 32+ X34— X 53-X44 ) 
-X63 +SI G M A 5*( X63-X54 ) 
MA6= (352 +X54-X73-X64 J 
-X72+SI GMA 7*( X 72-X74 ) 



MA7= ( A72-362 + X72-X73 J 
+X73 + SI GMA6*(3 52-X63) 
MA5*(36 1-342+X63-X 53 J 
+ X53+ Si GMA4* ( 332— X4 3) 
MAi=( 341-3 22+X43-X 33 J 
+X33+S1GM A2*( 312-X23 ) 
MA 1* ( ? 2 1- A 11+ X23-X13 ) 



UPDATED VALUES 



X 11= All 
X 13=311 
X 14=3 12 
X 23 = 321 
X24=922 



X 23= ft 31 
X34= 832 
X43=341 
X 44=3 42 
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c 

100 



c 

c 



c 

c 



c 

no 

c 

c 



54 

55 

20 

C 



X 53=6 51 
X 5 4= 8 5 2 
X63=3 61 
X 6 4= 3 6 2 
X 72 = A 72 
X 73=6 71 
X 7 4=3 72 
A 1 1=0 .000 
W T= .1* T T 

W1=0CMPLX( 0.000,-WT) 
2=CJ£XP(W1 ) 

H 2=H 2+3 72*2 
TT=TT +DLTA T 

CONTINUE 

06=CDA3S( H2 ) *( 1.03 0+ PHI ) /2 



AFRANGIGMG THE CUTPUT DATA 
DATA! J, 1 )=W 
JA T AI J,2 1=08 
DATA! J ,3 ) = 0.000 



ARRANGING THE OAT A FOR PLOT SUBROUTINE 
0 T ( J , 1 ) =OAT A( J,l) 

07 ( J » 2 ) = OAT A ( J , 2) 

0 T ( J,3)=0AT A( J,3) 



W=W+OLW 
CONTI NUE 

WRITING &N0 PL0TH3 THE FREQUENCY RESPONCE 
WRITE (6,541 
FORNAT( • 1' ) 

WRITE (6, 55) 

F ORMAT (20X, ' FREQ’ ,21X , ' OUToijt NO 1 ' , 10X , ' OJT PUT NO 2*1 
WR ITE ( 6,20) ( (OATA(N.M) , '-< = 1 ,3) ,N = 1,98) 

CALL GRAPHX ( 0 T , 98,4 HFR EQ , 4HNAGN ) 

F QRHAT ( 20X , El 2 . 5 ,10X,E12.5 ,10X,E12.5J 

RETURN 

ENO 



201 



FILERR 



C 

C 

c 

c 

c 

c 



54 

21 

10 



C 



C 



C 

C 

C 



33 



22 



C 

C 

c 



c 

c 
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C 



SUBROUTINE FILERR (UP, SIG MA 1 , S I G MA2 , SI GMA3 , S I GMA4, SIGMA5 , S IGMA6 ,SIG 
* M A 7 » P H I , D A~ A , N 0 B T S » ER ,QMGAC» OLT AT ) 



SUBROUTINE FILERR TAKES THE ROOT MEAN SQUARE VALUE OF THE ERROR 
3 E T WE EN UNTRUNCATED AMO TRUNCATED VALUE OF THE CUT PUT IN THE 
FREQUENCY DOMAIN AND ALSO PLOTS THE FINITE PRECESION 
FREQUENCY RES PONCE 



IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION DAT A2 ( 210, 3 ) 

D1 NENSI ON DAT A ( 21D ,3 ) 



WR ITE (6,54) 

FORMAT ('1' ) 

WR ITE t 6,21) 

FORM AT (10X, 'THE UN’’ 0 UNCAT ED VALUES ARE') 

WR ITE I 6,1 0) 51 G MAI , SIGMA2 ,5 IGMA3,S I G MA4, SIGMAS, SIGMA©, $ IGMA7,PHI 

FORM AT(/,4X , • SIGMA 1= • ,F6. 4,4X, ' SIGMA2=' ,F6. 4,4X,' SIGMA3=* ,F6.4 ,4X, 
*« SIGMA4=' ,F6.4,4X, ' S I GMA5 = • , F 6. 4, 4X , ' S IGM A6= ' , F6 . 4, 4X , 'SIGMA7=',F6 
= . 4 » 4X , ' PH I = ' ,F 6. 4) 

A=5 IGMA1 
B = SIGMA2 
C = S IGMA3 
D = SI G MA4 
E = SIG MA 5 
P=SIGMA6 
©=SIG MA7 
rl = PH I 



WRITE (6,33) NOBTS 

FORMAT! 10X, ' NO OF BITS =' ,12,/) 

PERFORMING THE TRUNCATION PROCESS TO REQUIRED NO, OF BITS , 

• NOBTS' 

S IGMA1=TRUNC( A, HOSTS ) 

Si GMA 2=TRUNC( B, NOBTS) 

S IGMA3=TrUNC( C , NOBTS) 

S I G MA 4= T RU NC ( D , NOB T S ) 

S I G MA 5=TRUNC ( E , NOBTS) 

S i G •* A6=T RU NC ( P, NOBTS) 

SI GMA7=TRUNC( G* NOBTS ) 

PHI=TRUNC(H, NOBTS) 

F ORMAH 10X ! ' THE TRUNCATED VALUES ARE') 

WP ITE( 6, 10) SIGMA1, SIGMA 2, SIGMA 3, SI GMA 4, S IGMA 5 , SI G MA6 , SI GMA7 , PHI 

CALCULATION OF THE FREQUENCY RES PONCE WITH WAVE DIGITAL 
3 A C AMETE 5 S OF FINITE PRECESION 

CALL FIL-ER (U P, S I GMA1 , S I G‘*A2, S I GMA3 , S IGMA4, S IGMA 5 , SIGMA 6, SI G MA 7, PH 
*1 , DA T A 2,0M3 AC , D LTAT ) 

CALCULATION OF R00 T MEAN SQUARE ERROR 
ER =0. 000 

ER=c R + (DAT A (KK, 2) “DAT A2(KK,2) )**2 
C GNT I NUE 
ER=cR/98.0D0 
E R=OSCRT ( ER) 



S I GM A 1= A 
S IGMA2=B 
S I GM A 3=C 
S IGM A 4=0 
SI GMA5=E 
SIGMA 6= P 
S I GMA 7= G 
PH I =H 



RETURN 

ENO 



202 



TRUMC 



FUNCT HN TRUNC (VALUE , NOB TS) 

C 

C FUNCTION TRUNC CONVERTS THE VALUE 1MC BINOMIAL FLOATING 

C POINT APITHMATIC AND THEN TRUNCATES THE VALUE TC the DESIRED 

C NO. OF PITS AND T HEN CONVERTS BACK THE VALUE INTO DECIMAL 

C FIXED POINT ARITHMATIC 

C max. no. OF BITS(NDBTS) M>UST NOT EXCEED 30 

C AND 'HE A6SQLU r E VALUE OF 'VALJE' MUST BE LESS THAN 1.0D9 

C AND THE ABSOLUTE VALUE OF ‘VALUE’ MUST BE GREATER THAN 1.00-15 

C 
C 

IMPlICI T RE Al* 8 ( A-H ,0-ZJ 
DIMENSION M l T 0 L (30) 

DIMENSION m l t ( 30 ) 



C 

C 



A = DA B S ( VALUE) 

J J — 0 

IF ( A. LF. l.OD- 15) TRUNC=0. 000 
IF( A.LE.l .00-15 ) RETURN 
0 SISN-VALUc/DAbS (VALU E) 

I F ( A. SE. 1 .030) SO TO l 
FR AC T = A 
C = D. ODO 
N E ITS =N0BT S 

T HE MAGNITUDE of A IS GREATER THAN l 



GO TO 20 
1 N = A 
3=N 

F R AC T=A-8 
NO NT =0 
JJ = l 

2 CONTINUE 
M=N 

IF (N.EC.O) GO TO 33 

N = N/ 2 

MM=m-2*N 

i i- (MM. EQ.O ) GO TO 23 
NGNT=N0N7f 1 
ML'(N0NT)=1 

GO TO 2 

23 MONT =N0N7 +• L 

ML" ( NCNT) =0 
SO TO 2 
S3 CONTINUE 

I r (N03TS .LE J'lONT ) GO T 3 58 
C = B 

N 3 IT S =NOBT S-NONT 
SC "G 20 

o 3 NP = IONT-NOB TS* l 
S = 0 . 0 DO 

0 C l 6 I =N P t N°N~ 

C =C<-MLT ( I ) * 2* * ( I— 1 ) 

16 CONTINUE 

T c L VC =C*DS IGN 
RETJR N 
20 CGN’INUE 

DC o 1=1, MBITS 
F p ACT =Fp ACT *2 

IF (F^AC'.SE.I.OOO) GO TD 7 
M LT 3 L ( I ) =0 

IF<( JJ+h L TPL( I) ).E0.0) NBITS=NB ITS+l 
jO to 6 

7 CONTINUE , _ 

F= ACT =F=ACT-1 .000 
MLTPLU ) =1 
J J = l 

6 CONTINUE 
RMANT =0.300 

R M ANT Lr^ANT+mlTPL ( I ) *2 .0D0**( - I ) 

3 TP UNC =0 S I GN*( C +• RMANT) 



return 

ENO 



203 



3 “ Computer Program No . 6 . Program to calculate the rms error due 

to truncation in the number of bits of 
complex wave digital filter multiplier 
coefficients. 



c 

c 

c 

c 

c 



c 

c 

c 

c 

c 

c 

c 



18 

22 



r 

C 



37 

C 

C 

c 

c 



c 

c 

c 



c 

c 

c 

c 

r 



**** FREQUENCY R ES PONCE **** 

fT.Vo^ITaS! E 01^VL UE F,;?J ,UMC4TI0f ' IN Cf SITS ..... 

IMPLICIT PFAL*8 (A-H.O-Z) 

0 I PENSION DA* A (210, 3) 

DIMENSION D AT A3 ( 210 , 3 ) 

Of CHEBECHEV LOW— 0 ASS FILTER WITH PS=1.0 ******** 

COMPONENT VALUeS 



I NDJC T ANCE AND CA°ACITANCE VALUES IN HENR I E S , AND 

(normalized to critical fpequency of i rad/sec at 



with 



RL = 1 



farads 

3 OB POINT 



RS*1. 
A Ll=l 
C2= 1 • 
A L3 = 2 
C 4= 1 • 
A L5 =2 
C6-U 
A L7=l 
R L = L . 
WRITE 
FO°MA 
wRI TE 
FORMA 
1 ,' L5 = 



000 

. 7 8960 0 
296100 
.717700 
384800 
.7177 00 
2961D0 
.789600 
000 

(6,18) RL.RS 

T (10X, ' 5 L = Fo . 4, 5X , 'R S = ' , F6 . 4, / ) 

(6,22) AL1 ,C2 ,A L3 ,C4, AL5 , Co , AL7 



T( 5X, 'Llf' ,E 12. 5,3X ,'C2=' ,E12. 5, ' L3=' ,EI2. 5,3X,‘ C4=' ,E12.5,3X 
• ,tl2.5,3X,'C6=* , E12.5,3X, 'L7= ’.E12.5,//) ’ 



F IL~ E 5 SCALE FACTOR IS COEF 
CCEF = (RL+RS)/RL 
WR ITE ( 6,37) COEF 

F 0 R’^A T ( 7X , 'THE FILTER SCALE FACTOR IS.... ' ,E12. 5 ,//) 



SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 
0 M GAC= 1 .000 



SAILING PERIOO IS OL TAT 
DLTA T = 1 .000 

FREQUENCY SCALING WITH PREWARPING AS IaELL AS TAKING INTC ACOUNT 
"he EFFECT OF SAMPLING TIME IS SCALE 
SCAi_E=1.0D3/0TAM3MGAC*0LTAT/2) 

A L1=A UPSCALE 
C2=C2*3 CAL E 
A L3=A L3*SCALE 
C4=C4*SCALE 
A L5 =A 15 *SCALE 
C 6=C6=SCA LE 
A L7=A L7 *S CAL E 

CALCULATION TO FIND THE TERMINATING RESISTANCE CF EACH ELEMENT 
A NO COMPLEX WAVE DISI t AL FILTER MULTIPLIER COEFFICIENTS 
WITH NO DELAY FREE PA~H ON PORT TWO 



R 1 = RS 

R2=( R 1+ AL l ) / ( 1. 000 +C2* ( R1 + AL1 )) 

R 3= ( R 2 +AL3 ) / ( 1 . OD 0+C 4 *( R 2+ AL 3) ) 

R+=( R3+AL5 ) /< 1 .0D0+C6*(R3+AL5J ) 

R 5=3 4+4 L7 

3 ETA 11= (2*R 1+AL 1+R1*R 1*C 2-AH *A L 1*C2 ) / ( ( R 1+ AL 1 ) *( 1. 00 0+R 1 *C 2 + AL1 *C 
* 2 ) ) 

GAMA11= s 1/ ( (R 1+AL1)*< 1.00 0+R1*C2+AL1*C2) ) 

BE" A1 2= (R1 *R1 *C2+2*R 1 *4L 1 *C 2- AL 1+AL 1*AL 1*C 2) /( ( ® 1+ AL 1) * ( 1.00 0+R 1*C 



*2+401*02) ) 

GAMA 12= (A 1 *R 1 *C 2- AL 1-AL 1* AL 1*C2 ) / ( ( R 1 +AL1 ) * ( 1 . 000 + R1 * C2+ A LI *C2 ) ) 
3E~ A13 = I .000/ ( 1 .000 + R 1 *C2 + AL 1 *C2) 

1I"A21=?2*R 2+A L 3+R 2*R 2*C 4— AL3*AL3*C 4) /( ( R 2 + 4 L3 ) *( 1. 0D0+R2*C4+AL3*C 

*4. } ) 

GAM42I=R2/( (R2 + AL3)*( 1.000+R2*C4+AL3*C4J) 

3E t A22= (R2*R2*C4+2*R2*AL3*C4-AL3+AL3=AL3*C4) / ( ( P.2+ A L3) *( 1.00 0+R2*C 



* 

Subroutine Graphx is given in Computer Program No. 1 of Appendix 1 
and Function Trunc is given in Computer Program No. S. 



204 



onoo o no ooooo o oonnn 



C 

42 

C 

88 

39 

90 

91 
C 

c 



*4+AL3*C4) ) 

§AMA2 2= ( r 2^2;C4-AL3*AL3*AL3^C4 )/ ( (R 2*Al3)*( 1 .0 CO +° 2*C 4 + AL3 *C 4 ) ) 

B ETA 23= 1 . 00 0/( 1. 0Q0+R 2-C 4+AL3*C 4) 

3c~A24=R2/ (R2+AL3 ) 

3ETA 31 =( 2 *R3 + AL 5 + R 3 *R 3 * c 6-A15*AL5*C6)/< IR3+AL5 ) *( 1 .0D0+R3*C6+AL5*C 

? o ) ) 

GAMA31 = R3/( (R3 + AL5JM 1 .0 00 +R 3*C 6 + Al 5 *f6 ) i 

2=( R 3* R3^ c 61-2 * R 3*41.5 ’ c 6 - AL5+AL5#AL5«c6 )/ ( ( R3+AL5 ) *(1 .0 00+R3*C 
*0 + AL 5 * Co J ) 

ic^ni = ( , R ^5 3 ,f C6_AL5 ~ fiL5 * 4L5;,: C6 )/ ( ( R3 +AL5 J *( 1 .0D0+R3*C6+4L5*C6) ) 

B E TA 3 3= 1. 03 0/ ( 1 . 03 0+ R3*C 6+ AL5*C6) 

3 ET A34=R3 / ( R3+AL5 J 

SI3M41=R4/R5 

?HI= (RL-R5) /( RL+R5) 



WRITE <6 ,42 J 

rORMATt 5X, ' THE COMPLEX WAVE DIGITAL FILTER MULTIPLIER COEFFICIENTS 
* ARc ...’»// ) 



WR I T E ( 6» 88 ) 
FORMAT ( IX 
*, ’GAMA 12= ' , 
WR 1“ c ( 6t 89 ) 
FORMAT (IX,* 
*, ' GA ^ A 22= ' , 
•I P I? £ (o , 90 ) 
FORMATdX,' 
*, 'GAM 432=', 
WRITE (6 ,91) 
FORMAT ( 5X , ’ 



3 E T A 1 1* 
fc£T Ail = ' 
E 12. 5, IX 
BET A21, 
BET A21 =' 
E 12. 5, IX 
3 ET A3 1 1 
3E T A3 1 = 1 
E 1 2 . 5. IX 
S I G w 4 1 , 
S I G M 4 1 = ' 



GAM A 11, BETA 12. G4MA12.BETA13 .BETA 14 
, E12.5, IX, 'GAMAll= • ,£12.5, IX, 'BETA 1 2= • ,E 12.5, IX 
, ' BETA 13 = ' ,E12.5 , IX, '5 ETA 14 = ' ,E12.5,//) 

GAM A21 ,BETA2 2iGAMA22,35TA23,SE A24 
, E12.5 ,1X, *GA.MA21= ' ,E12.5, IX, ' .T A22= ’ , E 12. 5, IX 
, ' BE TA23 =' ,£ 12. 5 ,1X ,' 3 ET 414 = ' , 2.5 ,//) 

G A MA3 1, BET A 3 2, GAM A 32. BET A 33, BE 34 
, E 12 . 5 , IX , ' 3 AM A3 1 = ' , El 2. 5, IX, ' 3cTA32=’ ,E12.5, IX 
, 'BETA33=' ,E 12. 5, 1X,'3ETA34 = ' ,E12. 5 ,//) 

D HI 

,E12. 5 ,5X, ' PHI =* 1 E12.5 »// ) 



INFJT IN TIME DOMAIN IS AS 
A S= 1. 000 
J P =AS BCOEF 



CALCULATION GF THE FREQUENCY RESPONCE OF the 
FILTER WITH PRACTICALLY INFINITE PRECESION 
IN ORDER TO SET 'HE REFFERENCE DATA 



CALL FILTER (UR, SET A 11, GAM 4 1 1 , BE TA 12 , GA MA 12, BE TA 13 , BET A 14 , BE T 42 1 , G A 
-MA21 , BE' A 22 , GAMA22 , 3 ET A23 , B ET A2 4 , 3 ET A3 1 , GAM A3 1, RET 432, GAM A3 2, BET A 3 
*3, BETA 34, SIGM41 , PH I .DATA ,OMGAC , DLTATJ 



DC 220 JJ=1 ,20 
NO 3T S =J J 



CALCULATION OF THE ERROR IN THE FREQUENCY DOMAIN CUE 
TO QUANTIZATION OF THE WAVE DIGITAL FILTER PARAMETERS TO THE 
REQUIRED NO . OF Bir$ 

CALL FILERR ( UP , BETA 11 , GAM All , 3E TA 1 2 .GAM412 , BET A 13 , BcT A14 , BETA21 , G A 
*MA21 , 2ETA22, GAM A22, BE' A23, BET 424, BETA 2 1, GA M A 3 1 , BE TA32 , GAMA3 2 , 3E TA3 
*3 , BET A34 , S I GM4 1 , PH I , 0 AT A , HOST 3 , ER, OMGAC, DLT AT J 

OUTPUT DATA SET U 3 
DA TA3 ( J J, 1 ) =J J 
OAT 43( J J » 2 ) =ER 
0 A T A3 ( J J ,3 ) =0 .0 00 



CONTINUE 

PLOT OF THE R.M.S. ERROR DUE TO QUANTIZATION IN THE NO CF 
3 ITS OF WAVE DIGITAL FILTER PARAMETERS VERSUS THE NO. CF BITS 

WR ITE ( 6,54) 

54 FORMAT ( ’ 1 • ) 

W R I - E (6,55) ... 

55 r 0 R 1 A T( 20 X , ’ NO . QR ? I TS' , 15 X, ’ MEAN SQUAR ERROR',/) 

NR ITE (6,2 0) ( (DATA3(N,M) ,M= 1, 3 ) , N= i , 20 ) 

C ALL GR A? HX (OAT A3, 20, 4HNBIT,4HMSER) 

20 F0RM4 T( 2 OX, E 12. 5 ,10X,E12.5 ,10X,E12.5) 

C 

STOP 

ENO 
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FILTER 



SUBROUTINE FI LTERIUP, SE T A11 ,GAM All , R ET A12 , G AM A1 2, SET A13, BET A14.86T 
*A21, GAMi.21, BETA 22,3 AMA22, PET A 23 , BET A24 , BE TA3 1 , GAMA3 I , BE TA32 ,GAMA3 2 
* ,BET A33.BE" A34, SIGMlI , °HI , DAT A, OM GAC , OLTAT ) 

C 

C SUBROUTINE FILTER TAKES THE VALUE OF THE INPUT IN THE TIME 

C DOMAIN AND PLOTS THE M AGN ITU DE VERS. FREQUENCY CURVE 

C JF THE COMPLEX «AVE OIGITAL FILTER 

C 

IMPLICIT REALMS (A-H.O-Z) 

COM® L EX* 16 H2 * W I* Z 

DIMENSION OA _ A(2I3, 3) , DT ( 210, 3) 

C 

C FREQUENCY RANGE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENCY 

C FREQUENCY INCREMENT 

DLTAW=OMGAC/5 3.DO 
C 

C INITIAL VALUES IN THE FREQUENCY DOMAIN 

W = 0. ODO 

C ITT5RATICN IN THE FREQUENCY DOMAIN 

C 00 110 J = 1 » 98 

C 

C INITIAL VALUES IN TIME DOMAIN 

C 

H2=DC M PLX(0 .000,0.000) 

TT=0 .000 
Xl 1=0. ODO 
X 12=0 .000 
X 13=0 . 0 00 
X 1 4= C . 00 0 
X 1 5=0 .000 
XI 6=0. 000 
X 17=0 .000 
XI 3=0 .000 
X2 1=0. ODO 
X2 2= 0 . COO 
X 23=0 .0 00 
X24=0. 000 
X25=0 .000 
X26 = 0 .000 
X2 7=0 . 000 
X23=0 .000 
X 3 1 = 0 . 000 
X j2=0. 000 
X j 3 =C .000 
X34=0. 000 
X 3 5 = 0 . CO 0 
X 36=0 .000 
X3 7= 0. ODO 
X38=0 .000 
X41=0.000 
X42=0.000 
X43=0 .000 
X44=0 .000 
A 1 1=U P 

C ITTERATION IN THET I ME_OOMAIN_ 

B 12 =&ETA 13 *?All-t- 2 *Xl 1 +X 12 J + 3ET A 12 *X 13 +GAM AI 2*X 1 4-9ETA U *x 17-GAMA 1 1 
* = X 13 

322=3cTA23*<A2i+2*X21+X22 )+ BE TA22*X 23+GAMA22 *X24 -BE t A2 1 *X 27 -GAM A 2 1 
*=X23 

33 2 = be ta 3 3* (A31 + 2 * X31+ X3 2) + BE TA32*X33 + G AM A3 2*X34-BE7A31*X 37 -G A MA31 
**X 38 

8 42=A 4 1+X41-X42+SIGM41*(X42-X44) 
a 42= R42*°H I 

341=A41+SIG M 4 1" ( A42- A41+X42-X43 ) 

32 1 = BET A34* ( A32 +2 *X 3 3 +X34 J-3ET A 32*X3 i-GAMA 32*A 3 1 -BETA 3 1* X35-GA MA 31 
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c 

c 

c 



**X 36 



UPDATED VALUES 



C 



C 

100 



C 

c 



c 

c 



c 



110 

r 

c 



54 
5 5 



20 

C 



A 22 = B 31 

**X 26 BETA2 ^" U 22 + 2 *X 23 +X 24 ) - 8 ETA 22 * X 2 1 -GAMA?£ *&2 1 -BETA 21 *X 25 -GAMA 2 1 
A 1 2 = 82 1 

* B X 16 BETAI4,>C( 4 12+2 * X13+X14, ~ BETA 12 * X ll-GAMAl***! i-BETAll*X 15 -GAMAl 1 



UPDATED EQUATIONS 
X 1 2=X 11 

X li = All 
X 14= X 13 
X 13=A 12 
XI 6 = X15 
X 1 5=8 11 

X I 6= X 1 7 
X 17=812 
X2 2 = X2 1 
X 2 1=A 2 1 
X 24=X23 
X 23=A 22 
X 2 6= X25 
X 25= 82 1 
X28=X27 
X 27=8 22 
X32=X3 1 
X 3 1=A31 
X34= X33 
X33= A32 
X36=X 35 
X 3 5= 8 3 1 
X33=X37 
X3 7=B32 
X 4 1=A 4 1 
X 4 2= A 42 
X 43 = 8 4 1 
X44=B 42 

A 1 1=0 .ODO 
WT = V** TT 

W 1 =0C «PLX( O.ODO,-WT) 
Z= CDEXP (Wl) 

H2=rt 2+342 *Z 
TT=TT + DLT AT 



CONTI NUE 

DB=CDA 6 S{ H 2 )*! 1 . 000 + PHI ) /2 

ARRANGIGNG THE OUT D U T DATA 
DATA! J, 1 )=W 
DATA{ J f 2 ) = 08 
D ATA( J f 3 ) = 0 . ODO 



ARRANGING ~HE OA~A FOR c>L 3 T SUBROUTINE 
DT{ J, I) =9 A T A ( J, 1 ) 

07 (Jf 2 )=DA T A{ J, 2 ) 

DT( J f 3 )= 0 ATA( J T 3 ) 

w=w+dltaw 
CCNTI NUE 



WR r IMG and PLOTING THE FREQUENCY RESPONCE 
W R I ~ E ( 6 * 54 ) 

FORMAT! * 1 • ) 

W«?rE(6t55) 

FCPMAT( 20 X, • FREQ’ , 21 X , *niJTDjr NO 1 *, 1 OX, * OUTPUT NO 2 M 
IT 5 ( 6 , 20 ) < (DATA! N, M) , M= 1 , 3 ) f N*l f 98 ) 

CALL GRA^HX ( QT , 98 , 4 HFP EO , 4 HMA GN ) 

FORMAT! 2CX, £12. 5 ,10X,E12.5 ,I0X,E12.5) • 

RETURN 

END 
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FILERR 



SUBROIT IME FI L E RR IU°, 3E T A 11, GAM All, BETA 12, GAM A 12, FETA 13 .BETA 14,8 ET 
* A 2 1 »G AM A2 1 » B6TA22 .GAMA22 . 8ETA23 , BET A24, BET A31,GAMA31,3ETA32, GAM A3 2 
*t BET A 33, BET A 34, SI 3M41, PHI ,DA TA , NOBT S »ER » OMG AC , 0 IT AT) 

SUBROUTINE FILERS TAKES T HE ROOT MEAN SQUARE VALUE OF THE ERROR 
8 £~ VEEN UNTRUNCATED AND TRUNCATED VALUE OF THE CU T PUT IN THE 
FREQUENCY DOMAIN AND ALSC PLOTS THE FINITE PRECESION 
FREQUENCY RESPONCE 

IMPLICIT REALMS (A-H.O-Z) 

DIMENSION D AT A2 (210 , 3 ) 

DIMENS ION DATA! 210, 3) 

WRITE ( 6,54} 

54 FORMAT! ' 1 • ) 

WP HE (6,21 ) 

21 FORMAT! 10X, 'THE UNTRUNCATED VALUES ARE') 

WP IT E (6, 3 8 ) BET All, G A w A 1 1 , 8 ET A 1 2, GA MA 12, BE TA 13 , BE T A 14 
83 F CRMAT! IX ,' SET A 11 = ' ,E12 . 5 , 1 X , • G AM A1 1 = ' , E12 .5 , IX , ' BET A1 2= ' , E 12 .5, IX 
*, 'GA M A 12= ' ,E12. 5, IX, ' BETA 13 = ' ,E12.5,1X,'8ETA14 = ',E12.5,//) 

•W RITE (6,35 } BET A2 l, GA^A 2 1,3 ETA 2 2, GAM A 2 2, BET A 23, SETA 24 

89 FORMAT ( IX, ' SETA21 = ' ,E12. 5, IX , ' GAMA21= ’ , El 2. 5, IX, ' BET A22= ' ,E12.5, IX 
*, ' G A M A 22= ' , E12. 5, IX, ' BE T A23= ’ ,E 12. 5 , IX, 1 BETA 14= ' ,E12. 5 , //) 

WR ITE (6 ,90 ) BET 431 ,GAMA31, SET A3 2, GAMA32, BET A3 3 , SETA 34 

90 FORMAT! IX , ' BE TA 31= • , E 12 . 5 , 1 X , ' G AMA3 1 = ' , E12 . 5 , 1 X , ' BET A3 2= ' , E 12 .5 , IX 
= , 1 GAM A3 2= ' , El 2. 5, IX, 'SET A 33=', 312.5,1 X,' BETA 34=', E 12. 5,//) 

WPr r E!6,91) SI G "41, PHI 

91 FORMAT! 5X , ' SIGM 41=' , E 12. 5, 5X, ' PHI =' ,E12.5 ,// ) 

A A 1 = B ETA1 1 
A A 2= GA MA 1 1 
AA3= BETA12 
AA4=G AMA12 
A A 5=3 ET A 13 
AA6=6ET A14 
B B 1 = 3 ETA2 1 
3 = 2= GA MA 21 
333=3 ET A22 
334=GAMA22 
3B5=B ET A23 
3B6=BE T A24 
CC 1=3ETA31 
CC 2=G AMA3 1 
C C 3=6 £ T A3 2 
CC4=GAMA32 
CC5 = B ET A33 
C C 6 = B E T A34 
DC 1=S IGM41 
h=PHI 



33 



WRITE (6,33) NOBTS 

FORMAT (10X,' NO OF 3ITS 



12 ,/ ) 



>ERFORMING THE TRUNCATION PROCESS 

1 NO 3 T S ' 

icTAl 1=TRUNC( AA1 ,NOSTS) 

SA m A 1 1=TR'J NC ( A A 2, NOBTS) 
3ETA12=~RUNC( AA3.N0BTS ) 

SAMA 12=TRUNC( AAA, NOBTS) 

3 ET A I 3=“R'JNC (AA5, NOBTS) 
j E’ A1 4= T RUN C ( AA6.N0 BTS) 

} t T A 2 1=TRJNC( 38 1 ,N08TS) 

S A u A2 1=T RUN C( 3B2.N0 9TS ) 

SET A22 = TRUNC( 5B3,, NOBTS) 

SA 2 2= T 3 UNC (8=4, NOBTS) 

BcT A2 3= T = UNC( 3B5,NRBTS) 

BE TA2 4 = TRUNCl 3 = 6, NOBTS ) 

3 ET A3 1 = T3 JNC ( :.Cl,N03‘ r S) 
jAMA3 l= T RU‘)C(CC2, , N0B”S) 
j ETA 3 2=TRUNC ( C 3 3, NOBTS) 

SA-'A3 2= t RUNC( CC 4, NOBTS) 
JETA33=TRJNC !CC5, NOBTS ) 
3ETA34=T=UNC( CC 6.N03T S) 



TO REQUIRED NC. 



OF BITS , 
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SIGM41=TRUNC(DD l.NOBTS) 
phI=TRUNC(H,NOBTS ) 
w=ITE(6,22) 

22 FORMAT! 10X, ' THE TRUNCATES VALUES ARE’) 

WR I7E (6 ,3 3 ) BE" All , GAMA 11, BET A l 2, GAM A 12, 3ETA13,8 E t A 14 
WR ITE( 6.S9) ?E~A21 ,SA VA21 f Bfc T A2 2 , 3 A V A22 , 9ET A23 , PET A24 
WR ITE<6,90> 3 5 T A3 1 , G A M A 3 1 , BETA 32. GA MA32 , BE TA33 » BE TA34 
WRI7E(6,9l) SIGNAL, RHI 
C 

C CALCULATION OF THE FREQUENCY RESPONCE WITH WAVE DIGITAL 

C PARAMETER? OF FINITE PREC.ES ION 

CALL FI LTcRC UP, BETA II , GAM All , BETA 12 , GAMAI2 , BE T A13 , BET A14, BET A 21, GA 
A2i * PE” A22,GA'i A22, S E7A23, BE7A2 4, 9E TA 2 1,5AM A 3 1 , 6ETA32 ,GAMA32 ,3ETA3 
* 3 ,BETA34, SIGMA' ,PrlI , DA” A2 , OMGAC , 0L7 AT ) 

C 

C CALCULATION OF ROOT MEAN SOUARE ERROR 

E° =0. CD 0 
00 213 K<= 1 » 98 

EF =ER + ( OAT A(KK,2 )-DATA2(KK f 2J )**2 
213 CONTINUE 

E? =ER /98.0D0 
ER=DSCRT(ER) 

C 

BETA1 1=AA 1 
GA*Al 1= AA2 
3 ETA 1 2=AA3 
GA*'A12 = AA4 
BET A1 3=AA5 
3 ETA 1 A=A A 6 
B ET A3 4= CC6 
3ETA2 1=831 
GA^A2 1=332 
BE TA2 2 = B83 
GAMA22=884 
3 c ” A 2 3=33 5 
3ETA2 4 = 386 
B £ TA3 3=CC 5 
GA V A32=CC4 
BE TA3 2=CC3 
GA MA 3 l=CC 2 
3 E T A3 1=CC 1 
$ I3M4l=001 
P h I =H 

RETURN 

END 
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C ~ Computer Program No . Program to calculate the rms error due to 

truncation in the number of bits of reduced 
parameter complex wave digital filter 
multiplier coefficients. 



**** FREQUENCY REspQNCE **** 



ROOT MEAN S 
FOR REDUCED 



0U4RE SRPOP DUE TO 
PARAMETER COMPLEX 



truncation in no. of bits ***** 
wave digital filter 



I.molICI' =EAL*8 (A-H.Q- 
DI MEN SI ON 0 A T A ( 21 0 * 3 J 
DIMENSION 0 ATA3 ( 210* 3 ) 



Z) 



18 

22 



Com?onent*values CHEBECH6V L0W * PASs filter WITH RS-l.O ******** 
.^OyCTANCE AND CAPACITANCE VALUES IN HENRIES, AND FARAOS 
u9tu ALI |£D TO CRITICAL FREOUENCY OF l RAD/SEC AT 3 08 POINT 
»V i T H RL-1 

R S = l. 0D0 
A Ll = 1 .789600 
C 2=1. 2961D0 
A L3=2 .71 77D0 
C4 = l. 38 48DO 
A L 5=2 . 71 770 0 
C 6 = 1 .296100 
Ac7=l . 7896D0 
R L =1 .000 
WRITE (6,1 8) RL, 

FORMAT! 10X , ' 

W R I T E (6 , 22) AL 
FORMAT (5X, ' LI 



RS 

RL=' ,F6.4,5X,'RS=' ,F6.4,/) 

1,C2, AL3,C4,AL5,C6, 4L7 

, El 2. 5 ,3X ,'C2=' , E12.5, 'L3=',E12. 5,3X,'C4=' ,E12.5,3X 



1, 'L5=* ,E12.5,3X,'C6=' ,E12.5,3X,' L7 = ' ,E12.5,//) 



FILTER SCALE FACTOR IS COEF 
C0EF=(5L+RS) /RL 
WR IT E { 6 , 3 7 > COEF 

7 F ORMATI 7X , ' THE FILTER SCALE FACTOR IS . . . . • , E12 . 5, II i 

SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

OMGAC =1.000 



SAMPLING PERIOD IS DL TAT 
OLTAT=1.0DO 



FREQUENCY SCALING WITH 0 R EWAR 0 1 NG AS WELL AS TAKING INTO ACOUNT 
THE EFFECT OF SAMPLING t i M g i S SCALE 
SC ALE = 1.000 /DT AN <DMGAC*DLTAT/2) 

Al1 = AL1 »SCALE 
C2=C2*SCAL£ 

A L3=A L3 *SZ ALE 
C<f=C4*SCALE 
AL5=AL5*SC4LE 
C6=C6 *SCALE 
A L7=A L7* SC ALE 

CALCULATION TO FIND THE TERMINATING RESISTANCE OF EACH ELEMENT 
AND REDUCED PARAMETER COMPLEX WAVE DIGITAL FILTER COEFFICIENTS 
WITH NO DELAY FREE 0 A TH ON PORT TWO 

R 1 =R S 

ALFA1=AL1/(R1*AL1) 

3ETA1 =1 .0 00/(1 .000+R 1 *C2+ AL 1*C2 J 
P. 2=AL1*3ETA i/ALFAl 
A L FA 2= A L 3/ ( R 2* AL3) 

3E T A2=1 .000/ ( 1 .CD0+R2*C4+AL3*C4i 
R3=AL3*3E7A2/ALFA2 
A L F A3 = AL5/ ( R3 +AL5 ) 

3 ETA3 =1 . ODD / ( 1.0D0 + R3 *C6+AL5*C6 ) 

R 4=4 L 5*3 ETA 3/ALFA3 
R 5=R 4 +AL 7 • • - 

S I G M 4 1 = P4 / R 5 
PHI= (PL-p.5)/(RL+R5) 

42 FORMATH 3x^ ' THE REDUCED PARAMETER COMPLEX WAVE DIGITAL FILTER COEFF 



* 

Subroutine Graphx is given in Computer Program No. 1 Appendix 1 
and Function Trunc is given in Computer Program No. 5. 
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C 



*ICIENT$ ARE,.,’ ,//) 



88 



91 

8 



WRITE (6,88) ALFA1 , BETA1, ALFA2 ,3ETA2, ALFA3, BETA3 
F0 8 M4T(1X,' AlFAI = ’ ,E 12. 5 ,1X,' 3ETA1 = ' ,E 12 . 5 , 1 X , * AlF A2 =', 
a, ' BET 42 = • , El 2 .5, IX, • ALF A3 = ' , E 12. 5 , IX , ' 3 ETA 3 =' , E12. 5,//J 
WRITE ( 6 » 9 1 5 S I G M 41 , PH I 

FORMAT ( 5X, ' SIGM41= ' , E 12. 5, 5X, 13 HI = • ,EI2. 5, //) 



E12.5, IX 



INPUT IN TIME OCMAIN IS 
A S=l. QDO 
U P=AS *C0EF 



AS 



CALCULATION OF THE FREQUENCY RESPONCE OF THE 
FILTER W I ~H PRACTICALLY INFINITE PRECESION 
IN ORDER TO SET THE REFFERENCt DATA 



Call F 1L T ER (UP, ALFA1 , BET A I, AL FA 2.8 ETA2 , ALFA3, BETA 3, SIGM41 ,PHI ,DATA 
*, OMGAC ,DLT AT) 

DO 220 JJ=1,20 
N037S=JJ 



CALCULATION OF the E 8 ROR IN THE FREQUENCY DOMAIN OUE 
TO QUANTIZATION OF THE WAVE DIGITAL FILTER PARAMETERS TO THE 
REQUIRED NO . OF BITS 

CALL FI LERR (UP * ALFA1 ,8E T A1 , ALF A2 , SET A2, ALFA3 , BET A3 , S I GM41 , P H I , DAT A 
*, N03TS.ER , OMGAC »DLTAT) 

OUTPUT DATA SET UP 
0ATA3( j j, l)=JJ 
DAT A3 (JJ,2 )=ER 
D AT A3 ( J Jt 3 J =0.000 

220 CONT INUE 

PLOT OF THE R.M.S. ERROR DUE TO QUANTIZATION IN THE NO OF 
BITS OF WAVE DIGITAL FILTER PARAMETERS VERSUS THE NO. OF BITS 



54 

55 

20 

C 



[ T E ( 6 • 54) 
3MAT ( ' I ‘ ‘ 



, >1 ' ) 
:TE (6,55) 
AT ( 20X, 



. 'Nn. OF BITS' , 15X, ’MEAN SQUAR 

■" E ( o , 2 0 ) ( (DAT A3 < N,*) ,m=I , 3 ) , N=I , 20) 

L 3R A °h X ( D A TA3* 2 0 » 4HNB IT ,4HMSER) _ 

■4 \ t < ci ? .5 .1QX.E12.5 .10X.E12.5) 



ERROR' ,/) 



STOP 

ENO 



211 



o00 ooo non oo oo ooo om^oo 



filter 



SUBROUTINE FILT ER CJP , AL FA 1 , BET A 1 , AL FA 2, BE TA 2 , A LFA 3 ,BE TA3 , SI GN41. PH 
*1 * DA T A » QMG A C » DLTAT ) 

SUBROUTINE FILTE 3 TAKES THE VALUE OF THE INPUT IN THE TIME 
DOMAIN AND PLOTS THE MAGNITUDE VERS. FREQUENCY CURVE 
OF THE REOJCED PARAMETER COMPLEX WAVE DIGITAL FILTER 

implicit realms <a-h,o-z) 

C O M3 L5 X* 1 6 H2»W1,Z 

DIMENSION DATA! 210,3) ,DT{ 210,3) 

FREQUENCY RANGE IS CHOSEN TO 3E TWICE THE CRITICAL FREQUENCY 
FREQUENCY INCREMENT 
OLTA W=OMGAC /50.D0 

INITIAL VALUES IN THE FREQUENCY DOMAIN 
W = 0 . 0 D 0 

PREMULTIPLICATIONS 
GAMX1=2=*A Lr A1 
GAMA2 = 2*ALF A2 
l»A m A 3 =2 *A Lr A3 
TH£TA1=ALFA1^3ETA1 
ThET A2=ALFA2*3ETA2 
ThETA3=ALFA3*3ETA3 

IT TER ATI ON IN THE FREQUENCY DOMAIN 



DO 110 J=1 , 98 

INITIAL VALUES IN TIME DOMAIN 

H2= DC MPLX{ 0.000,0. 000 ) 

TT=0. 000 
X 11=0 .ODO 
X 1 2=0 .000 
X 13=0. ODO 
X 14=0 .000 
X 1 5= C. ODO 
X 16=0.000 
X 17=0.000 
X 1 3 =0 . ODO 
X2 1=0. ODO 
X 22=0 .ODO 
X23=0. ODO 
X 2 4=0.000 
X 2 5 = 0 .ODO 
X2 6=0. ODO 
X2 7= 0. CD 0 
X23=0 .000 
X3 1=0.000 
X 32=0 .000 
X33=0.000 
X34=O.ODO 
X 35= 0 .ODO 
X3 6=0. 090 
X 3 7=0.000 
X3 8 = 0 .000 
X4l=O.ODO 
X 4 2= 0.000 
X 43=0 .ODO 
X44=0 .000 
A 1 1=J P 

I TTER ATION_ IN THE TIME DOMAIN 

0 12=X13lxi4-X17+GAMA 1^( X 17-X14) + 9ET A 1* ( A1 1 + 2* X 1 1+X12-X 13-X14-X17-X 
» 1 8 ) +T HET A l a (X 18— X 13— X 17+X14) 

3 ^i= X23 + X 2^~X 27+G AM A 2* ( X27— X24) ♦8ETA2* (A2U-2*X21 + X22-X23-X24-X27-X 
« 2 8 ) +-T HETA2*IX28-X23-X27>X24) 

A3 1=8 22 
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c 

c 



c 



c 

100 



c 

c 



c 

c 



J 23* X3 T+G AM A3 * C X3 T-X3 ^ 1 SET A3^ C A3 1 ^2 «X3 1+X32-X33- 

+ ' HETA3*(X23-X3^-X37+X34) 

A v 1= 3 3 Z 

A42 = B42*PHI~*^~ + ~^**^ X^2-X44) 

?fti=A41+SIGM4 l* ( A42 - A41 +X42-X43 J 
A 3 2=8 4 1 

v51 l +2*X33+X34-X35*ALFA3*( 2*( A 31- X33 +X3 5 )-A32- 
1 - ^l| x 31 -X3 5-X36)-*-THE~A3*(X31 -431 -X35+X3S ) 

A ^ id *™ D 3 1 

3f / 1 f^? 2 ~£? i ::$? 1+ 2**23 + X24-X25-«-ALFA2*< 2*<A21-X23 + X25)-A22- 
*2 T <A21+X21-X2:>-X26)*THETA2*<X2i-A21-X25 + X26) 

A I 2- 9 21 

bll f A12-Ail-Xil + 2*X13 + Xl<,-xl5 + 4LF4 1*(2*<All-X13 + Xl5)-A12- 
All+Xll- XI 5- XI6J + THETA 1*( XI L -A 11-X15*X16> 

UPCATEO EQUATIONS 

X12=X1L 

X 1 1=A 1 1 

X 1 4= X 1 3 

X 13=A 12 

X 16=X 15 

X15=8ll 

X1S=X17 

X 17=B 12 

X22=X21 

X 2 1=4 21 

X24=X 23 

X23=A22 

X2 4 = X 25 

X 25=9 21 

X2 3=X27 

X 27= B 22 

X 32=X31 

X3 1 =A3 l 

X34=X33 

X33=A 32 

X36=X35 

X35=9 31 

X33=X37 

X 37=832 

X 4 l=A4 1 

X42= A 42 

X 43=8 41 

X 44=B 42 

4 11=0.000 

WT=W*TT 

W 1=DC ^PLX( 0.000 ,-WT) 

Z =COEXP ( (J1 ) 

H2=H2 + 842*Z 
TT =7T + DLT AT 



CONTI NUE 

0B=CD4SS( H2)*< l.00 0*PHl)/2 

ARRANGIGNG THE OUTPUT DATA 
DAT A ( J, l) = W 
DATA( J , 2 ) = 0 8 
DATA! J » 3 ) = 0.000 

ARRANGING THE DATA FOR = LOT SUBROUTINE 
0T( J , 1 J =DAT A ( J, 1) 

DT(J,2)=DATA( J,2) 

0 T ( J,3)=0ATA( J f 3J 



'w =w«-0 LT AW 
110 CONTINUE 
C 

C WRITING AND PLOTINS THE FREQUENCY RESP0NC6 

WRIT£(fc,5A.j 

54 FORMAT! *1') 

W= I” E { 6 »55 ) 



55 FCR‘*AT(20X, 'FREQ' ,21X, 'OUTPUT NO 1 ', 10X, 'OUTPUT NO 2') 
«RITE (& ,2 0) ( (DATAIN, M) , «=1 ,3) ,N=1,98) 

CALL GRA PH X ( 0 T » 58,4HFP EQ , 4HNA GN ) 

^20 FORM A” ( 20X, E12 .5 ,10X,E12.5 ,10X,E12.5) 

RETURN 

ENO 



X34-X37-X 

X34) +BETA 
X24J+BETA 
XI 4) +B6TA 
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FILERS 



SUBROUTINE FI LERRCJP, ALFA I , SET A1 , ALF A2 , SET A2 , AL FA3 , BET A3 , SI GM41, PH 
*1 ,0ATA,N3BTS,ER,0MSAC,DLTAT) 

SUBROUTINE F I LE RR T A KES T HE ROOT MEAN SQUARE VALUE OF THE ERROR 
BETWEEN UN TP UN C AT EO AND TRUNCATED VALUE OF th£ OUT put IN THE 
FREQUENCY DOMAIN AND ALSO PLOTS THE FINITE PRECESIOM 
FREQUENCY RESPONCc 

IMPLICIT REAL *8 (A-H.O-Z) 

DIMENSION OATA2(2IO»3) 

DIMENSION DATA(2I3,3) 

WRITE (6,54) 

54 FORM AT Cl ') 

WRITE (6,21) 

21 FORMAT( 10X, • THE UNTRUNCATED VALUES ARE') 

WF. IT£(6,S8) ALFil,BETAI,ALFA2,BETA2,ALFA3,3E T A3 
83 F O.RMAT ( IX » ‘ ALF Al= ' , E 12 . 5 , 1 X , • 5 ET A1 = ' , E12 . 5 , IX , » ALF A2 = • , E 12 . 5, 1 X 
* i ' BE" A2 ='»E12.5»1X» ' ALF A3 = • ,E 12 . 5 , 1 X , 1 3 ETA3 =',E12.5,//) 

W R IT E ( 6 , 9 1 ) S I G-M4 1 , p H I 

91 FORMA T ( 5X , ' SI GM41 =' ,E12.5,5X, , PHI = *,E12.5,//) 



AA1=ALFA1 
A A2= 3 ETA 1 
AA3=ALFA2 
AA4=BETA2 
AA5=A LFA 3 
A A 6=B E TA3 
DO 1 = S IGM41 
H= PHI 

W R IT E ( 6 , 3 3 ) NOBTS 

33 F ORMA" ( 10X , ' NO OF BITS =',I2,/J 



22 



C 

C 
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C 



c 






• NOBTS* 

AL FA 1=TRUNC ( A A1 , NOBTS) 
SET A1=T°UNC( AA2, NOBTS ) 
ALFA2=TRUNC (AA3 , NOBTS ) 

3 ETA 2 = TR UNO ( A A4 ,M0 BTS ) 
ALFA3=TRJNC(AA5 , NOBTS) 
3ETA5 = TRUNC ( AA6 ,N3STS) 

S IGM41=TRJNC(D01, NOBTS) 
PH I-= T RUNC ( ri , NOBTS ) 

»P TTF ( A . 2 ? ) 



rni- nuHLrin fiiuo iji 

WF IT£(6 ,22) _ . 

FQPM47( I0X , 'THE TRUNCATED VALUES ARE') 

WRITE (6,88) ALFA1 , 3E T A1 , ALFA2 ,BETA2 , ALF A3, B6TA3 
WRITE(6,91) SIGM41 , °H I 



OF BITS , 



CALCULATION OF THE FREQUENCY RESPONCc WITH WAVE DIGITAL 
PARAMETERS OF FINITE PRECESION 

CALL FILTER (UP, ALFA 1, BET A 1 , ALF A 2, BETA 2, ALF A 3, BE TA3, SI GM41 ,?HI »QATA 
-2,3MGAC»DL7AT ) 

CALCULATION OF ROOT MEAN SQUARE ERROR 
ER =0. OOO 
DO 213 K<=1 ,98 

EP =ER+( DAT A (KK, 2 ) -OAT A2 ( K.K , 2J )**2 
CONT INUE 
ER=E=/98.000 
ER=DSCRT( ER) 



A LFA1 = AA1 
B ET A1 = AA2 
AL FA2= AA3 
BcTA2 = AA4 
A LF A3 = AA5 
5 E7A3=A A6 
S IGM4 1=001 
PHI =H 



RETURN 

END 
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D - Computer Program Xo. 8 . Program to calculate the rms error due to 

truncation in the number of bits of the 



C 

C 

C 

C 

c 

c 



c 

c 

c 

c 

c 

r 

c 

c 



c 

c 



37 

27 

22 



28 

C 

C 



c 

c 

c 

c 
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C 

c 

c 

r 

C 

c 

c 



c 

c 

c 



RLC components of the conventional direct 
digital filter. 

**** FREQUENCY RESPONCE **** 



ROOT MEAN SOUARE ERROR OUE TO TRUNCATION IN NC. 
FOR CONVENTIONAL OPECT DIGITAL FILTER DESIGN 



OF BITS 



IMPLICIT ?EAL*8 (A-H,0-Z) 
DIMENSION DATA(2I0,3) 
DIMENSION DATA3I 210,3) 



********** .5 Q3 CHEBECHEV LOW-PASS FILTER WITH RS=i.O ******** 
COMPONENT VALUES 

IND'JC~ANCE AND CAPACITANCE VALUES IN HENRIES, AND FARADS 
NORMALIZED TO CRITICAL FREQUENCY OF 1 RAD/SEC AT 3 DB POINT 
w I T H RL=1 



R S = l. ODO 
AL1=1 .739600 
C 2 = 1 . 2961 DO 
A L3= 2 . 71 77D 0 
C^=l .384300 
A L5=2 . 71 7700 
C6=l. 296100 
AL7=1 .789600 
RL= 1.00 0 



FILTER SCALE FACTOR IS CO EF 
C OEF = ( RL+R3) /RL 
*P IT” ( 6,37) COEF 

F C R M A ” (7X , ' - hc FIL*ER SCALE FACTOR I S . . . . ' , E 12 • 5, // ) 

WR ITS ( 6 ,27) 

FORMA T(5x, 'THE UNSCALED COMPONENT VALLES ARE',//) 

N R I T E ( 6 , 2 2 ) AL1.C2, AL3, C4, AL5, C6.AL7 c , w 

FORMAT! 5X, * L 1 = ' ,E 12. 5 ,3X , 'C 2=' , E12. 5 , • L3 = ' ,E1 2 . 5 ,3X , ' C4=' , E12 .5 ,3X 
1 , ' L5=' , E12.5, 3X, *CS= ' , E12.5,3X, 'L7= ' ,£12.5, //) 

WRI“E<6, 28) R S , R L 

FORMAT! 20X, ' R S= ' , E 12. 5 , 5X , ' RL = ' ,E12.5,//) 



specify the cut off frequency in rad/sec. 

0MGAC=1.000 

SAMPLING TI ME 1ST 
T= i .0 00 

FREQUENCY SCALING WITH PREWARPING IS SFREQ 

S F RE 0=2*07 AN ( OM GAC*7 / 2 )/ T 

ALI=AL1/SFREQ 

C 2=C2/SFREQ 

AL3= AL3/S FREQ 

C 4=C4 /SFREQ 

AL 5= A L 5/S FR EQ 

C6=C6 /SFREQ 

AL 7=A L7/SFREQ 

WRIT5(6,29) . _ . ... 

FORMA” ( 5X THE SCALED COMPONENT VALUES ARE',//) 
WRITE! 6,22) AL l , C2 , AL3 » C4 , AL5, C6 , AL7 



INPUT IN TIME DOMAIN IS UP 
UP=I. 000 



CALCULATION OF THE FREQUENCY RESPONCE DF THE 
FILTER -ITH ?RAC”ICALLY INFINITE precesion 
IN ORDER TO SET THE RcFFERENCE DATA 

C A Li. FI LTER < UP ,RS , AL I , C2 , AL3 , C A , A L5 , C6 , AL7 , RL , CMG AC , DAT A ,T ) 



DC 22 C JJ = 1 ,20 
N 0 9T S = J J 



CALCULATION OF THE 
TO QUANTIZATION OF 



R RQR IN t h£ FREQUENCY DOMAIN OUE 
'HE FILTER COMPONENT VALUES TO THE 



REQUIRED no. 



k 

Subroutine Graphx is given in Computer Program No. 1 of Appendix 1 
and Function Trunc is given in Computer Program No. 5. 
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C 

C 



c 

c 



c 

220 



54 

55 

20 

/• 



DP 3 ITS 

CALL FI LERR (UP »RS * ALL » C2 , AL3 , C4, AL5 , C6, AL7 , RL , PMGAC, DATA.NOBTS, ER 
*,T> 

DUTPUT DATA SET UP 
DATA3I J J * 1 J =J J 
DAT A3 ( JJ,2 )=ER 
DATA3( JJ,3) =0.000 

CONT INUE 

= LDT OF TH6 ERROR DUE TD QUANTIZATION IN THE NO OF 

BITS CF FILTER COMPONENT VALUES VERSUS THE NO. OF 3ITS 

WR rE<6,54) 

F CCMAT (• 1 • ) 

WRITE (6,55) 

F0RMA~(20X» ’NO. OF BITS’ , 15X» ’MEAN SOUAR ERROR’,/) 

WRITE (6,20) ( (DAT A3 ( N, M] , V=L ,3 ) , N=1 ,20) 

CALL SRA?HX(0ATA3,20, AHNBIT ,AHMSER) 

FORM AT (20X, E12 .5 ,10X,E12.5 , 10X,E12.5) 

STOP 

ENO 
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FILTER 

SUBROUTINE FILTER (UP , RS , AL 1 , C2 ,4 L3 ,C4, A 15, C 6t AL7 , Rl , OM GAC , DATA , T ) 

SUBROUTINE FILTER TAKES The VALUE Q p THE INPUT IN THE TIME 
DOMAIN AND PLOTS THE MAGNITUDE VE^s . FREQUENCY CURVE 
OF THE CONVcNTI ON AL DIRECT DIGITAL FILTER 

IMPLICIT REALMS (A-HtO-Z) 

COM^L EX* 16 WT,Z»Y,H 

Dimension data( 210 , 3 ) »ot ( 210 , 3 ) 

DIMENSION A ( 8 ) t Y ( 7 ) ’ 

CALCULATION OF COEFFICIENTS OF THE EQUATION 
H(S )=K/( S7+A6*S6+A 5*S5+A 4*S4+ A3* S 3+ A 2* S2+A I* SI +A 0) 



rl 



rO 



► 3 



A A0= ( RL+RS) /RL 

AAl=< AL1+AL3+AL5+AL7) /RL +PS*(C2+C4+C6) 

A A 2= ( C 4+C b) *( AL1+AL3+AL7*RS/RL) + C2* ( AL1 +( AL3 +A L5 +AL7 } *RS/ RL ) +AL5* < 
*Cc*C4*RS/RL ) 

AA3 = < AL1 + AL3) * < AL5+AL7 )*C4/RL +( AL3+AL5 J *( C2*C6*RS + ( C6 *AL 7+C 2*AL l ) / 
*R L )+C 4*5 S *( C 2*A L3 +AL 5*C6) +AL1*A L7* ( C2+C6 J / RL 
A A4= (AL1 + AL7*RS/RL)*(AL5 *C6 *{ C2 +C 4 ) + AL 3*C2* ( C4+C6) )+C 4*AL5*AL3*( C6 
*+C2*R S/RLJ 

A A 5= AL1*<C2tAL3*(C4*( A L5+ AL 7 ) +C 6* AL7) +AL5*C6* AL 7* ( C2 + C4 ) J /RL + AL3*C 
*4 = AL5*C6*(AL7/RL+C2*RS ) 

AAfc-=C 2*AL3*C4*A L5*C6* ( AL7*RS/RL+AL1) 

A A 7= ( AL1*C 2*4L3*C4*AL5*C 6*AL7) /RL 

A( 1)=1.000 

A ( 2J-AA6/AA7 

A( 3)= AA5/AA7 

A ( 4) ~t A4/AA7 

A ( 5) = AA3/AA 7 

A(6J= AA2/AA7 

A ( 7) = AA1 / AA7 

A ( 8 ) = 4 AO/AA 7 

C0EF1 =A(8 ) 

*R ITE ( 6 »41 ) 

F0RMAT(5X, 'THE COEF.OF H( S)=K/< S7+A6*S6+ A5*S5+A4*S4+A3*S3+A2*S2 + 
1A 1 *S 1 +A0 J ARE ' t / ) 

HR IT£ ( 6* 40J A(2)*A(3) » A ( A ) ,A(5) , A ( 6 ) , A ( 7 ) , A ( 8 ) 

FORMAT (5X, * A6= ' , E12 .5, 3X , 'A 5= ' , E12. 5, 3X, 'A 4=' ,E 12. 5,3 X, ’A 3=' ,E12.5 
1 » 2X » ' A 2 = ' ,E 12.5 »3X, ' Al = * , E12 . 5 , 3X , • A0 = * , E12 .5 , / ) 

WR ITE ( 6,43) OOEF1 
FORMAT ( 5X , • K= • , E1Z .5 , // ) 



CALCULATION OF t H £ COEF. OF THE EON. 

7 7 6 5 4 3 2 1 

H(Z) = K*(l+Z)/( Z+A6Z + A5Z +A4Z +A3Z +4 2Z +A1Z +A C) 

Fl=2 .000/T 
F2=F1 *Fi 
F3=F2*F1 
F4=F3*F1 
F 5=F4 *F1 
F 6=F 5*F 1 
F7=F6*Fl 

ALF A7=F7+F6*A<2 )+F5*A<3 ) + F4*A<4 I+F3 * A < 5 ) +F2*A ( 6 ) +F 1*A ( 7 } + A ( 8 ) 

ALFA 6=- 7*F7-5*F6*A( 2)-3*F5*A( 3)-F4*A< 4)+F3*A <5 ) +3*F2* A (6 ) +5 *F1*A < 7 
* ) + 7*A ( 8 ) 

ALFA5=21*F7+9*F6*A(2) + F5* A( 3) -3 *F 4* A ( 4) -3 *F3 * A ( 5 ) +F2*A ( 6 ) +9 *F 1 *A ( 7 
*) +21 * A ( 8) „ „ 

ALFa4=-35»F7-5*F6*A<2 )+5*F5*A<3) +3*F4*A( 4)-3*F3*A< 5J-5*F2*A( 6)+5*F 
* 1 * A ( 7)+35*A< 8) 

ALFA 3=35 *F 7-5 *F 6*A( 2)-5*F 5*A( 3) + 3*F 4*A( 4) +3*F3*A( 5) - 5*F 2* A( 6 ) -5*F 1 
** A ( 7 J +35* A ( 8 ) 

ALFA2=~21*F 7+9*F6*A < 2)-F 5*A ( 3 J - 3*F 4* A ( 4)+3*F3* A (5 )+F2*A<6 )-9*Fi*A( 
*7 ) +2 1 * A ( 8 ) 

ALFA1=7=F7- 5*F6*A{ 2 ) +3 *F 5 *A ( 3 ) -F4* A ( 4) -F3* A < 5 ) +3*F2 *A < 6 ) -5*F 1 *A ( 7 ) 
*+ 7*4 ( 6) 

AL FAD =-F7+F6*A< 2 )-F5 *A (3 }+F4*A( 4)-F 2*A( 5J+F 2*4 ( 6 ) -F 1*A ( 7) +A ( 8) 
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ALFAfe =ALF AS /ALFA7 
A LFA 5 =A LF A 5 /A LFA7 
ALFA4=ALFA4/ALF A7 
A LFA 3=ALFA3 / ALF A7 
ALFA2=ALFA2/ALFA7 
ALFAi=ALFAl/ALF A7 
ALFAO =ALFA0/ALFA7 
COcF2=COEF1 /ALF A7 
MR I T E ( 6, 3 8 ) 

38 FORMAT! 5X,' THE COEFFICIENTS OF H ( Z ) = K < I + Z ) 7/ ( Z7 +A6 Z6 +A5Z5 +A 4Z4+A 
*3 2 3+A ^2 2 +A 12 +A 0 ) ARE',///) 

WR 1”E (6 ,40 ) ALFA6 , ALFA5, ALFA4, ALFA3, ALFA2, ALFA 1 , ALFAO 
WRITE (6, 43) C0EF2 

UPP=UP*C3EF2 

C 

C FREQUENCY RANGE IS CHOSEN TO 9E TWICE THE CRITICAL FREQUENCY 

C FREQUENCY INCREMENT 

0 L W=0 MGAC /5 0 
C 

C INITIAL VALUES IN the FREQUENCY DOMAIN 

W=0. 000 

c 

C IT7ERATI0N IN "HE FREQUENCY DOMAIN 

00 HO J=l, 98 

C INITIAL VALUES IN TIME DOMAIN 

C 

U P1=URP 
TT=0. CDO 

H = OCM = LX( 0. ODO, 0.000) 

X 1=0 .0 
X2=0. 0 
X 3=0 . 0 
X4 =0.0 
X5=0. C 
X6=0 . 0 

XT =0.0 

c 

C ITTER AT ION IN THE TIME DOMAIN 

DO IOC 1=1,500 
V = U£>i+X I 

X 1=7*UP1-ALFA6*V+X2 
X 2=2 1=UP l- A LFA 5*V+X3 
X U=35*'JP1 -ALFA4 *V+X4 
X4=35*UP1-ALFA3*V+X5 
X 5=21*UPl-ALF A2*V+X6 
X6=7*UPI-ALFAI *V+X7 
X7=U? 1-ALFA0*V 
UP 1=0 .000 
W1 -^* TT 

wT=JC M P LX( O.ODO ,-Wl ) 

Z=COEXPIWT) 

H = H+ V * Z 
TT =TT + T 
C 

100 CONTINUE 

DA=C0A8S(H) 

C 

C ARRANGIGNG THE 'lUT’UT DATA 

D ATA ( J, 1)=W 
OAT a< j,2 )= D A 
DATA( J , 3 ) =0.000 

C ARRANGING THE DATA FOR PLOT SUBROUTINE 

DTU, 1) =DAT A( J, 1) 

DT ( J , 2 )=0ATA( J, 2) 

DTU, 3 )=0ATA( J, 3) 

C 

W=w*0 LW 
110 C CN T I NUE 
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c 

C WRITING 4 ND PLOTING THE FREQUENCY RESPGNCE 

wo ITEI6, 54 ) 

54 FCRMATl'l') 

Wr IT E C 6,55) 

55 FGRMA7(20X, ' FREQ' ,21X , 'OUTPUT MO I ' , 10X, 'OUTPUT NO 2') 

WRITE (6,2 0) ( (DATA! N , M) , M = 1 ,3 ) , N=1 ,98 ) 

CALC GRARHX ( OT , 96, 4HFRE0, 4HM4GN ) 

20 F0RMA7J20X, El 2. 5 ,I0X,E12.5 ,L0X,E12.5) 

RETURN 

END 
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FILER* 



C 

c 

c 

c 

c 

c 



c 



54 

21 

22 



28 

C 



C 

c 

c 



33 



25 



C 

C 

C 

C 

C 



213 



C 



c 



SUBROUTINE FILE RR (UP , R S ,AL 1 ,C 2 ,A L3 , C 4 , A L5 , Co , A L7 , RL t OMG AC » DAT A, NO 
* 9TS, ER f T ) 

SU8ROU T IN E FILERR T A K ES THE ROOT MEAN SQUARE VALUE OF THE ERROR 
BETWEEN UNTRUNCATED AND TRUNCATED VALUE OF THE OUT PUT IN THE 
FREQUENCY DOMAIN AND ALSO PLOTS THE FINITE PRECESION FREQUENCY 
RESPONCE 

IMPLICIT REAL-8 (A-H, O-Z) 

D I M cNS 1 0^1 DATA2(210,3) 

DI M E N3I ON D AT A ( 21 0 , 3 ) 

WB PE(6,54) 

F G RMA T ( * 1 » ) 

WR IT E ( 6,21) 

FQRMA“(10X» ,T H5 UNT PUNCA T ED VALUES ARE 1 ,/) 

WRITE (6,2 2) A LI ,C2 ,AL3,C4, AL5 , C6 , AL7 

FORMAT! 5 X , 1 l 1= » ,E 1 2. 5 , 3X , ' C 2 = » , El 2 . 5 , 3X, * L3 = ' , E 12 . 5 ,3X , » C 4= • , E12 . 5 
* ,3X ,» L5 = ' , E12 .5,3X, ' C6= • , El 2 .5, 3X , • L 7= 1 , E 12. 5, / /) 

WRITE (6 ,28) RS ,RL 

FORMAT (2QX, • R$ = ', E12. 5, 5X, *RL=» ,E12. 5,//) 



A =RS 
8= AL 1 
C =C2 
D= AL3 
E=C4 
F =AL5 
G=C 6 
H= AL7 



P-RL 

WR IT E ( 6 y 3 3 ) NOB TS 

FORMAT (10X , 1 NO OF BITS =SI2,/) 



PERFORMING THE TRUNCATION PROCESS 
1 N06T S • 

RS=TP UNC ( R S ,N09 TS ) 

A LI =T RUNC ( AL1 , NOBTS ) 

C2=~RUNC(C2 , NOBTS) 

A L3=7R UNC ( AL3 , NOBTS) 

C4=ro UNC( C4 ,NOBTS) 



TO REQUIRED NO. 



A L5 = TRUNC ( A L5 ,NC8TS ) 

C 6=7 p UNC ( C6 , NOBTS) 

AL7=TRUNC ( ALT , NOBTS ) 

RL=TR UNC ( RL , NOBTS) 

WR I~E(6,25) 

FORMATdOX, 'THE TRUNCATED VALUES ARE*) 
WRITE (6,22) AL 1,C2, AL3,C4,AL5 f C6 t AL7 
W R XT E ( 6 , 2 8 ) RS, RL 



OF 8 ITS , 



Calculation of the frequency responce with complonents of 

F IN IT E pp ECES ION 

CALL FILTER (UP ,RS ,ALl,C2,AL3,C4tAL5, C6 f ALT , RL , GM GAC , DATA 2, T) 



CALCULATION OF RQ3 T MEAN SQUARE ERROR 
ER =U. 000 
DO 213 KK= 1 , 98 

E R=E P.+- ( DAT A(KK, 2 ) -DA T A2( KK , 2) ) * *2 
CONTINUE 
ER=ER/98.0D0 
E R=D$ CRT ( ER J 



R S = A 
ALl=B 
C 2=C 
A L3=0 
C 4=E 
A L 5=F 
C6 = G 
A L7=H 
R L = P 



RETURN 



END 
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E ~ Computer Program No. 9 . Program to calculate the rms error due to 

truncation in the number of bits of the 
RLC components of the conventional cascaded 
digital filter. 



**** frequency responce **** 

ROOT ME AN SQUARE ERROR DUE TO TRUNCATION IN NO. 
FOR CONVENTIONAL CASCADED DIGITAL FILTER 



OF BITS 



implicit REALMS (A-H,0-Z) 

D I MENS I ON 0 AT A(210, 3 ) 
DIMENSION D AT A 3 ( 210*3) 



**-*******.508 CHE3ECHE V LOW-PASS FILTER WITH p$=1.0 ******** 

COMPONENT VALUES 

INDUCTANCE AND CAPACITANCE VA LJ ES IN HENRIES* AN C FARADS 
NORMALIZED TO CRITICAL FREOUENCY OF 1 RAD/SEC AT 3 08 POINT 
W ITH RL= I 

R S = 1 . 0D0 
a L I — 1 .739600 
C 2=1. 296100 
A L3=2 .717700 
C4 = l. 334800 
A L 5= 2. 7 1 770 0 
C6=l .296100 
A L7=l . 789600 
RL=1 .000 

FILTER SCALE FACTOR IS COEF 
C0EF=(RL+RS) /rl 
W c IT c (6 » 37 ) COEF 

37 FORMA T( 7X , ' THE FILTER SCALE FACTOR IS ....', El 2 . 5, // ) 
wc IT 5 ( 6,2 7) 

27 FQPMA" (5X , ' THE UNSCALED COMPONENT VALUES ARE*,//) 

WR ITE< 6,22) A L 1 *C2 ,AL3,C4,AL5,C6*AL7 

22 F CRMA T ( 5X * *L1= ',E12. 5 , 3X , 'C 2= ' , E 12 . 5 , ' L3= • , E 12. 5 , 3X , ’ C4 = • ,E12.5,3X 

1 L5=' ,E12. 5, 3X, ' C8= ’ * El 2 .5, 3X, 'L7=' ,E12.5, // ) 

WRITE (6*28) *S,RL 

28 FORMAT (20X, • RS= E12.5,5X, 'RL=' ,E 12.5,//) 



SPECIFY THE CUT OFF FREQUENCY IN RAO/SEC. 

OMGAC =1.000 

SAMPL ING T IME 1ST 
T=1 .0 CO 

FREQUENCY SCALING WITH PREWARPING IS SFREQ 

S F RE Q=2*DT AN ( OMGAC* T / 2 J /T 

A Ll=ALl/$FREO 

C2=C2/SFREQ 

Ac3=AL3/SFREQ 

C 4-C4/SFREQ 

AL5= AL5/S FR EO 

C 6=C 6/ S FREQ 

AL 7= A L7/SFR EO 

WRITE (6, 29) 

29 FORMAT! 5X THE SCALED COMPONENT VALUES ARE',//) 

W? ITS (6,22) AL1,C2,AL2,C4,AL5,C6,AL7 

INPUT IN TIME DOMAIN IS UP 
UP=1.000 

CALCULATION OF THE FREQUENCY RESPONCE OF THE 
FILTER WITH PRACTICALLY INFINITE PRECESION 
IN ORCER TO SET "HE s EFF £0 ENC E DATA 

CALL FILTER (UP , R S, AL 1, C 2, AL3 , C 4, AL 5 , C 6 , A L7 , RL , CMG AC , D ATA ,T) 

DO 22 C JJ = 1 ,20 
NO ETS = J J 

CALCULATION OF THE ERROR IN THE FREOUENCY DOMAIN DUE 
TO QUANTIZATION OF THE FILTER COMPONENT VALUES TO THE REQUIRED NO. 



Subroutine Graphx is given in Computer Program No. 
and Frunction Trunc is given in the Computer Program No 



1 of Aopendix 1 

5. 
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OF BITS 

CALL FI LE RR (UP ,RS, AL1 ,C2 ,AL3 , C4 , AL5 , CS , AL7 , R L , CMGAC , D AT A , NOBTS , ER 
*,T ) 

OUTPUT DATA SET UP 
D A’’ A3 (JJ, I)=JJ 
0ATA3 ( JJ,2) = ER 
DATA3( JJ ,3) =0.000 

220 CGNTINUE 

PL0~ OF T HE P . M .? . ERROR DUE T3 QUANT IZATI3M IN THE NO OF 
BITS OF FILTER COMPONENT VALUES VERSUS THE NO. OF BITS 

WRI~E(6,54) 

54 FORMAT! *1') 

WR IT E < 6,55) 

55 FORMAT ( 20X NO. OF 91 T S ' , L5X, 'M EAN SOUAR ERROR', f) 

WP ITE (6,20) ( < DAT A3 ( N , M) ,M=1 ,3 ) ,N=1 ,2 0) 

CALL C-RARHX (DAT A3, 20 , 4HN B I T , 4HM SER J 
20 F0RMA~(20X, El 2. 5 ,I0X,EI2.5 ,I0X,EI2.5) 

C 

STOP 

END 
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FILTER 



C 

C 

C 

c 

c 



c 

c 

c 

c 

c 

c 



41 



40 



c 

c 

c 

c 

c 

c 
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c 

c 



42 



c 

c 

c 

c 

c 

c 



SUBROUTINE FI ITERIUP , RS , AL 1 , C 2 , AL 3 , C 4 , A L 5 , C 6 , A L 7 , RL , OMGAC, OAT A,T ) 

SUBROUTINE FILTER TAKES T HE VALUE OF THE INPUT IN THE TIME 
DOMAIN AND PLOTS THE MAGNITUDE VERS. FREQUENCY CURVE 
OF THE CONVENTIONAL CASCADED DIGITAL FILTER 

ImolICIT RE AL *8 (A-HrO-Z) 

CDMPL 6 X *16 WT » Z , Y » H 
DIMENSION 0ATA(210,3J ,0T{ 210,3) 

DIMENSION A ( S ) , Y( 7 ) 

CALCULATION OF COEFFICIENTS OF THE EQJATION 

h (S )=K/ (S 7 +A 6 *S 6 +A 5 *S 5 +A 4 *S 4 +A 3 *S 3 +A 2 *S 2 +A 1 *S 1 +A 0 ) 



AAO=< RL + RS J/RL 

A A 1=( AL1+AL3+- L5+AL7) /RL+ RS* l C2 +C4+C6 ) 

AA2=(Ct+;6) *( ALl+4L3+AL7*SS/RL) +C2* ( AL1+ ( AL3 +A L5+AL7 ) *R S/ RL ) + A L5 * ( 
* C6 +C4*RS/ RL J 

AA3 = ( A L 1+ A L 3) * ( AL5+AL7)*C4/RL+( AL3 + AL5 ) * ( C2 *Cfc *RS + ( C6 *AL7+C2*AL 1) / 
*R L )+C 4*RS *( C2*AL3+AL 5* C6 ) +AL I *A L 7*( C 2+C 6) /R L 
AA4=< AL1 + AL7*RS/FJ_) * < AL5*C6*< C2 +C4 ) +AL3 *C2* < C4+C6 ) )+C4*AL5*AL3*{ C6 
*+r 2* p S/RL ) 

AA5= ALl*< C2*AL3 *<C4*( AL5 +AL 7 J +C 6*AL 7 ) + AL 5*C 6* AL 7* (C 2+C 41) /RL+AL3*C 
* 4 * AL 5*C6* ( AL7 /RL+C2*R$) 

AAb=C 2*iL3*C4*A L5*C6*( AL7*PS/RL+AL 1) 

A«7 = ( AL1*C2 *AL3 *C4* AL5*C6*AL7 ) / RL 
A ( 1 ) = 1 . OD 0 
A ( 2)= AA6/AA7 
A ( 3)=AA5/AA7 
A ( 4) = AA4/ AA 7 
A< 5)= AA3/AA7 
A ( 6) =AA 2/AA7 
A ( 7 ) - AA 1 /AA ! 

A (3 )= AA0/AA7 
COEF! =A(R) 

IT E( 6,41 ) 

FORMA ~(5X the COEF.OF H< S ) = K/ ( S 7+Al*S6 + A2*S5+A 3*S4+A 4*S3+A 5*S 2+ 
LA fc-S 1 +A 7) ARE’,/) 

W R I~E (6, 40 I A(2) ,A(3),A(4),A( 5) #A( 6),A(7) ,A(8) 

FORMAT <5* , ' Al = ' ,E12.5,3X, «A2=' , E12 . 5 , 3X , • A 3= • ,E12.5,3X, 'A 4=', £12. 5 
1, 2X, 'A5=' ,E 12. 5,3X,' A 6=' , E12 . 5 , 3X , * A7 = * ,E12.5 , / ) 

W P. I T E ( 6 » 43 ) C0EF1 



C 



ALCULAT ION OF THE COEF. CF THE EQN . 

H ( S ) = K/ (S2+Al*S + 31) (S2+A2*S+92)< S2+A3*S+33) (S + B4) 



FORMAT (5X K= • ,E12.5,//> 

N 0 E G = 7 

SUBROUTINE ZPHLR GIVES the ROOTS OF THE POLYNOMIAL OF DEGREE *N* 

CALL ZPOLRI A,NOcG,Y , I ER) 

o l=- 2 .000 *R EAL( Y( III 

F 1 =RE AL ( V (I ) ) »*2+AI’*AG(Y ( 1) )**2 

o 2=-2.CD0*REAL( Y(3) ) 

r2 = RE AL (Y ( 3 ) ) ** 2+Al M SG( Y( 3) )**2 

P3=-2 .003” REAL ( Y (5 ) ) 

F 3=p E AL ( Y ( 5) ) **2+U M AG( Y( 5) ) **2 
P‘»=-REAL ( Y ( 7 ) ) 

P 0 = 1. ODO/AA 7 

FORM A“t5xf ' " P H£ C05 p * ^ H|$| ARE 

1 H( S) =K/( S2+A1* C + M1) (S2 + A2*S + 32 ) ( S2 + A3*S +S3 ) ( S +34 ) • , / / ) 

IT E ( 6 , 60 ) ?1,F1,PZ,F2,03,F3,P4,COEF1 

CALCULATION OF THE COEF OF h(Z) WITH SAMPLING PERIOD OF T 



-I 7 



-1 



- I 



-2 



-1 



-2 



-1 



-2 



H t Z-i = 1 + Z ) / ( 1+A 1 * Z )<1+42*Z + 92*Z )<1+A3*Z +93”Z)(1+A4Z +B4Z > 
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C 

60 



66 



C 

C 

C 

c 

c 



FORM AT ( lx 
1 1 2 X ♦ • A 3 = * 
F= 2 .0 00 /T 
FF=F*F 



Al = « .El 2 . 5 , 1 X» '* 1 = SEl 2 . 5 , 2 X. 
iE 12.5 »lX f ' B 3 = ' 9 E 12 . 5 f 2 Xf 9 A 4*« 9 



•A 2 - 9 fE.l 2 . 5 tlX, 9 B 2 * 9 ,E 12.5 
E 12 . 5 » 3 X f *K= f f EL 2 . 5 ,// ) 



B 1 = 2. ODOM F 1-FF ) / ( F F + P1*F + F L ) 

Dl = <FF-*l*F+Fl) /< FF+p i*F+F l) 

3 2=2 . 000* ( F2-FF )/ ( FF+P2*F+F2) 

0 2 = ( Ff=-P2-F>F 2) /( FF+P2*F+F2) 

32=2 .0 00* ( F3-FF )/ (FF+P3*F+F3) 

D 3 = ( FF-P3*F +F 3 J / (FF * P3*F + F3 ) 

34=( P4-F ) /( P4+F ) 

C0SF2=C3EFL/ ( ( ?4 + F ) * ( FF + F*P 1 + F 1 ) *( F F + F*p 2+F 2 ) *< FF +F *P 3+F3) ) 
WRITc{6t66) „ 

F0RMATI5X, 'THE CHEF. OF l**- 1 ANO Z**-2 IN QUADRATURE FORM AND TOT 
lAc MUL7LYING FACTOR K ARE...’, /I 
WR ITE ( 6» 60) 3 1, 01,8 2, 02, 8 3,03,3 4, COEF 2 



U P P=U P* COEF 2 

FREQUENCY RANGE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENCY 
FREQUENCY INCREMENT 
DLW= 0 MGAC /5 0 



INITIAL VALUES IN THE FREQUENCY DOMAIN 
W= 0. 000 



IT TE RATION IN THE FREQUENCY DOMAIN 



00 110 J = 1, 98 

INITIAL VALUES IN TIME DOMAIN 

U Pl=UFP 
TT= 0 . COO 

H= 0 CMOLX( 0 . 000 , 0 . 000 ) 

X 1=0 .0 
X 2 = 0. 0 
X 3 = 0 .0 
X 4 = 0 . 0 
X 5 = 0 . C 
X 6 = 0 . 0 
X 7 = 0 . 0 

ITT E 5 AT ION IN THE TIME OOMAIN 



00 IOC 1 = 1,500 
V 1 =UP 1 +Xl 

V 2 =V 1 +X 2 

V o=V 2 + X 3 

V =V 3 +X 4 
Xl=UPl- 84 *Vl 
X 2 = 2 *Vl -0 1 * V 2 + X 5 
X 3 = 2 *V 2 - 92 *V 3 +X 6 
X 4 = 2 *V 3 -B 3 * V+X 7 
X 5 =V 1 - 01 *V 2 
X 6 =V 2 - 02 *V 3 
X 7 =V 3 -D 3 *V 
UP 1=0 .000 
W 1 =W*TT 

WT= 0 CMOLX( 0 . 000 , -Wl) 

Z=CJEXP(WT ) 

H =H+ V* 2 
TT=TT+T 
C 

100 CONTINUE 

OA=COABS( H) 

C 

c APfiANGIGNG THE CUTOUT DATA 

DATA ( J, 1 ) = W 
0 A T 4 ( J , 2 )= 0 A 
OATA< J, 3 )= 0.000 

C ARRANGING THE DATA FOR PLOT SUBROUTINE 
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c 

no 

c 

c 

54 

55 



20 

C 



CT (J , 1)=DAT A< J, 1 ) 
0 T ( J ,2) =OATA< J,2) 
0T(J,3)=04TA( Jr 3) 

W=W+DLW 

CONTINUE 



WRITING ANO 
WRITE (6,54) 
FORMAT! ' I* ) 
WS I“E ( 6,55) 
FORM A T (2 OX , 
WRITE (6 ,20) 



PLOTING THE FREQUENCY RESPONCE 



•FREQ* ,2IX, 'OUTPUT NO 1 • , IOX, 

( (DATA(N,v) ,4=1,3), N=I» 98) 

CALL GRAPHXf DT,98,4HF?EQ, 4HMAGN ) 

F‘JRMA~ (20X , £12. 5 ,10X,E12.5 ,I0X,E12.5) 



OUTPUT NO 2' ) 



RETURN 

END 
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SU9R01JTINE FILERR(UP ,RS ,AL1 ,C2 ,AL3 ,C4 ,AL5 ,C6 , AL7 ,RL, QMGAC, DATA, NO 
* 37S, ER, T) 

C SUBROUTINE FILERR TAKES the ROOT MEAN SQUARE VALUE OF THE ERROR 

C BETWEEN UMTRUNCATEO AND TRUNCATED VALUE OF THE OUT PUT IN THE 

C FREQUENCY OOMAIN AND ALSO PLOTS THE FINITE PRECESION FREQUENCY 

C RESPONCE 
C 

IMPLICIT REAL*8 ( A-H ,0-Z ) 

DIMENSION DAT A 2( 210, 3) 

DIMENSION DAT a ( 210 , 3 ) 

W R IT5 ( 6, 54) 

54 FORMA t C • 1 * ) 

WRITE (6,21) 

21 FORM ATI 10X, 'THE UNTRUNCATED VALUES ARE’,/) 

'WRITE (6 ,22) AL1,C2 , AL3,C4,AL5, C6, AL7 

22 FORMAT! 5X , ' Ll = ' ,E12. 5 ,3X , 'C2=' , El 2 . 5 , 3X , • L3 =' ,E12 .5 ,3X , ' C4= * ,E12.5 
*, 3X , 'L5=',E12.5,3X, 'C6=',E12.5, 3X,'L7=',E12.5,//) 

WRITE (6,28) RS,RL 

28 FORMAT (20X, • R S= ' ,E 1 2 . 5 , 5 X , • RL = ' ,E12.5,//) 

A-R$ 

8 = AL 1 
C=C2 



F = AL5 
G =C 6 
H = AL7 
P = RL 

WRITE (6 ,33) N08TS 

33 FORMAT ( 10X , • NO OF 8I T S =*,12,/) 

C 

C PERFORMING THE TRUNCATION PROCESS TO REQUIRED NO. OF 8ITS f 

C • N D 6 T S 1 

R$=TRUNC( RS,N03TS) 

AL 1=TRUNC ( A LI , N08T S) 

C2= r RJ*NC(C2 ,N08 T S ) 

AL3-TRU.NC ( A L3 ,NC3TS) 

C4=TRUNC(C4,NQ3TS) 

A L5=T FUNC (AL5,N08TS) 

C o= TR UNC ( C 6 ,N03 TS ) 

A L7 =-p RUNG ( AL7, N08TS ) 

Rl = trij NCI RL ,NOBTS) 

WR ITE ( 6,25) 

25 FORMAT! UX, 1 THE TR JNCATEQ VALUES ARE*) 

WRI TE (6 ,2 2) A LI ,C2 , A L3,C4, AL5, C6 , AL7 
WR IT El 6,28) R S, RL 
C 

C CALCULATION OF THE FREQUENCY RESPONCE WITH COMPLONENTS OF 

C FINITE ^ECESION 

Ci.LL FILTER (UP ,RS, AL1,C2,AL3,C 4, AL 5,C6,AL7,RL,C M GAC,DATA2,T) 



C 
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C 



C 



CALCULATION OF ROOT MEAN SQUARE ERROR 
E P =0.000 
00 213 KK=1 ,98 

E R =E R + ( D AT A ( K < , 2) *0 AT A2( KK, 2) )**2 

corn nue 

ER^ER/98. 000 
ER=JS CRT (ER) 



RS=A 
AL 1= B 
C 2=C 
AL3=D 
C4=E 
AL5=F 
C 6=G 
AL7= H 
RL=P 



RETURN 



END 
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APPENDIX 3 



* 

A. Computer Program No . 10 . Program to calculate the sensitivity func- 
tion of the seventh order low pass wave digital filter with respect 
to both wave digital filter multiplier coefficients and the original 
filter component values. 



c 

c ********** frequency domain ************ 

c 

c ******* SENSITIVITY FUNCTION OF THE FILTER ************ 

C 

C WITH RESPECT tq l’S AND C *S ,RS,AND RL 

C A NO ALSO WITH RESPECT "*0 WAVE DIGITAL PARAMETERS 

C ON THE SAME GRAPH FOR COMPARISON PURPOSES 

C 

c 

c 

c 

IMPLICIT REAL*8 (A-H,0-Z) 

C 

0 I M EN5 ION DAT AG(210, 3 ) 

01 ' v c NS I ON D^TAl (210,3 ) 

DIMENSION 0MA2(2I0,3) 

DIMENSION OAT A3 ( 0, 3 ) 

DIMENSION DATA** (210 ,3 ) 

DIMENSION 0A7£5(21O,3) 

0 PENSION DA" 1 " ^ (210 ,3 ) 

DIMENSION DATA 7 (210*3) 

DIMENSION DAT A3 ( 210* 3) 

C 

COMPLEX* 1 16 Hi,H2,H3,H4,H5,H6,H7 ,H8 
COMPLEX *16 T I , T 2, T3, T4, T5, 76, T7 , T8 , TO 
C CMP LEX* 16 W 1 , Z , H 
C 
C 

C ********** # 5QB CHEBECHEV LOW-PASS FILTER WITH RS=1.0 ******** 

R $ = 1 . CDO 
A Ll= 1 . 7 8960 C 
C 2=1 • 29 61 DO 
A L 3= 2 . 7 1 7 70 0 
C4=I . 3848 DO 
A L 5=2 . 71 770 0 
C6= i .296100 
A L7 = l .739600 
R L = i • ODO 
C 

C FILLER SCALE FACTOR FROM DATA IS COEF 

C OEF = I RL* R5) /RL 
WR IT E < 6.37} COEF 

37 FORMAT (7X , 1 THE F I L r E R SCALE FACTOR IS *,E12.5*//> 

C 

WR rE(6, 19) AL1.C2, AL3*CA,AL5,C6.AL7 
19 FORMA"* ( 5 X , ' S ER LI = * , F3 .4 * 2X, * S hT C2= • • F8 .4 , 2X* *S EP L 3= • , F 8 . 4 , 2X , 
*$HT C*= , ,F9.4*2X, , 5ER L5=‘ *F8 .A ,2X, 1 Sn T Co = ■ , F8 .4 , 2X * 1 S E R L7=* ,F8 
*4,/ ) 

WRITE (6 ,18 } RL, RS 

18 FORMAT! 10X , 1 R L- * » F S. A , 5 X , ’ R S = * , F3 . A * / ) 

C 

C SPECIFY THE CUT OFF FREQUENCY IN RAD/SEC. 

0MGAC=1 .ODO 
C 

C SAMPLING PERIOD IS CL TAT 

DLTAT=1 .000 
C 

c scale to NORMALIZE t HE element VAl'JES ,as well as taking into 

C AC Cl UNT The E c r EC 7 OF SAMPLING TIME AND FREQUENCY SCALE 

S CALE = 1 .3 00 / 0 7 A N ( 3 M G A C *DL TAT/ 2) 

ALI=AL1*SCA LE 
C2=C2=» SCALE 
AL3=A L3*S CA LE 
C A=CA*SCALE 
AL 5= A L5*S C \ LE 
C6 =Cfc* SCALE 
A L 7 =A L7*SCALE 
C 

C CALCULATION TG FIND THE T E? M I NAT IMG RESISTANCE CF EACH ELEMENT 

C A M C WAVE DIGITAL FILTER MULTIPLIER COEFFICIENTS 

c with \q delay free 3 ath on °ORT TWO 



■k 

subroutine Graphyx is given in Computer Program No. 1, Appendix 1. 
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RI = RS 
R2=R1+AL1 
SIGWA1=R1/R 2 
G2 =1 .CD0/R2 
3 2=G 2+C 2 
S IGWA2=G2/G3 
R3 =1 .000/G3 
R 4=R3+ AL 3 
S IGWA3=R3/R4 
G4 = U ODO/R4 
G 5=G4 +C 4 
S IGMA4=G4/G5 
R 5=1 . C00/G5 
R6=R 5+AL5 
S IG' M A5 = R5 /R6 
G6=l. 000/R6 
G 7 = G6 +C 6 
S I GWA6 =G6/G7 
R 7= 1 . COO/G 7 
R8=R7 +AL7 
SI G MA 7 = R7 /R8 
0 H 1= (RL-R3) /( RL +R8) 

WRI T E(6,42J 

42 FORMAT ( 5X THE WAVE DIGITAL FILTER MULTIPLIER COEFFICIENTS ARE 

*',//) 

WR ITE(6 ,10 ) SIGVA1,SI G M A 2 ,S I G'-'A 3 , S I GM 44 , SIG M A5, SIGMA6 » S IG M A 7 , PHI 
10 FORMA T( / »4X » ’ SI GMAl = ' ,F6. 4,4X, < Si«MA2=* ,F6.4 ,4X , 'SIGMA3*' ,F6 .4,4X, 
*• S IGMA 4= ' ,F6.4, 4X, , SIG m A5='»F6.4»4Xj' S IGMA 6 = ' ,F6.4,4X,'SIGMA7 = ',F6 
* . 4 ,4X PH I = ' » F 6 .4 J 



IMPULSE INPUT TC THE FILTER WITH MAGNITUDE OF A$= 1 
AS = 1 .GOO 
U P= AS = COEF 

FREOUENCY RANGE IS CHOSEN TO 3E TWICE THE CRITICAL FREQUENCY 
FREQUENCY INCREMENT 
OLTA W-OMGAC /50.00 

PREMULT I PL I CAT I CN OF 

COEFFICIENTS OF PARTIAL 0 IF F REN TI ATI ON OF SIGMA'S AND PHI 
WITH RESPECT TO L 'S ANO C'S ,R$,AND RL 

A1 = AL1/(R 1 + AL II **2 
A2=A1*C2*RI/ ( SI G*A1+R1*C2)**2 
A3=A2*R2*AL3/< SIGMA2* R2+AL3 )**2 
A4=A2*G3*C4/< S I G M A3 *G3+C 4 ) **2 
A5=A4*R4* AL5/(R IGW A4* R4 + AL5 )**2 
A 6=A 5*G 5*C 6 /( SI GW A5-G 5+C6) **2 
A7 = A6 *R6* AL 7/ (S IGmA 6=R6+AL7 )**2 
A 8=-2*A 7*G7*RL/ l $IGMA7 = G7 +RLJ ** 2 

81=-R1/ (R1+AL1J **2 

3 2=-R l*R 1*C 2 / ( ( SIGMAI + RL *C2 )* ( R 1 + AL 1 J )**2 
83 =32 *R 2*A L3/ ( S IGM A 2*R 2 + AL3) =* 2 
54=83-G3-C4/( S I G‘-'A3 *G3+C4 )**2 
35=34*R4~AL5/( 5IGMa4-=R4+AL5J = = 2 

36=3 5*G5*r6/(SIG , -'A5*G5rC6)**2 

37 =86= R6* AL 7/ ( S IGMA6 = R6 +AL7 J **2 
B 6=- 2*3 7=G 7 =RL /( SI GM A 7*G7i-R LJ *= 2 

D2=-G2/(G2 + C2 ) **2 
0 3=02*R 2= AL 3/ ( S IGMA 2 *R2* A L3 ) **2 
04=D3*G3*C4 /( SIGMA3*G3 + C4J**2 
D5=04*R4*AL5/< SIGWA4*P4t-AL5)**2 
06=05 *G5*C 6 / ( S I G'l A 5*3 5<-C 6) ** 2 
07 =06 *R6*AL7/ (S IGMAo *R6+AL7)**2 
0 8=-2*0 7*G7*RL/ (SIGMA7*G7+PU **2 

E3=-R3/ ( R3*-AL3 ) **2 

E4=E 3*G3*C 4 /< SIGMA3*G3+C4)**2 
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£ 5=6 4*R4*AL 5/ { SI G.MA'** R'H-A L5 ) **2 
Eo=E5*G5*C6/ ( SI G^A5^G5+C6 )**2 
E7=E6*R6* AL7/ (S IGMA6*Rfc +AL7 )**2 
E6=-2*E7*G7 -*Rl /( SI3MA7*G7+Rl) **2 
C 

P 4 =— G A / 1 G4 -i-C4 ) **2 
D5=0 4^RA*AL5/( S IGMA 4*R4+AL5)**2 
P6 =05 *G5 *C6 /(SI 0'-' 45 *G5+C6 ) **2 
P 7= 3 6*R6*AL7/< S I G M 48 = °6 *■ A L7 1**2 
P 6=-2*P7*G7 *RL/ ( S 13 M A 7*G 7-t-R L) ** 2 
C 

Q5=-R5/(R5+AL5>**2 
Q b=Q 5 *G5*^ 6/( S I GMA 5*3 5K 6) **2 
07 =C6 =>R6*AL7/ (S IG M A6 * + AL7 I 3 * *2 

Q S=- 2*Q7*b 7=R L/ l S I G MA 7-G7 + RL) *=2 
C 

Sfc =- G6/ (G6+C6 )**2 
S7=S6*R6*AL7/I SIGMA6* R6+-AL7)**2 
$8=-2-'S7~G7*RL / ( SIG’-’A 7 3 7,-RL) **2 
C 

U 7=-R </ ( R 7+ A L7) **2 

U8 = -2*U7*G7*RL/ IS IGM A 7*G7+R L I **2 

V8=2*G7*SIGMA7/ <RL+G7*SIGMA7)**2 

INITIAL VALUES IN FREQUENCY DOMAIN 

W=0.0 CO 

I TT ER AT ION IN THE FREQUENCY DOMAIN 

= 1!*^! V ffifififlfif if 

00 UC J=i i S8 

INITIAL VALUES IN THc T IME OOMAIN 



C11=UP 
C 

TT=0 . 000 

H=OC HP LX (0.000,0.0 00 I 
H 1 =0C RP LX ( O.CDO ,0. 000) 
H2=0C y OLX (0 .COO, C.000 ) 
H3=DCf-PLX(0.000 ,0.0001 
H4=OC“- ,0 LX( 0.000,0.00 0) 
ri5 = 0C M PLX (0 .000 ,0 .000 ) 
ri 6=QC '-PLX( 0. 000 ,0.0 00 I 
H7=3CM°LX( 0.000,0.000) 
H8=0Cf-PLX(0 .000,0.0 00 ) 

c 

Y 11= 0.000 

Y 1 3=0 .000 
Y 14=0. 000 

Y <;3=0 .000 
Y24=0.0D0 
Y33=0. COO 

Y 3 4= 0 . 0 CO 
Y43=C.CD0 

Y 44= 0 .000 
Y53 = 0 .000 
Y54=0.000 
Y63=0 .000 
Y64=0 .000 

Y 7 2=0. 000 
Y73=0 .000 
Y74=0. 000 

C 

0X111=0.0 00 
0X113 = 0. 000 
OX 114=0.000 
0X123 =0.000 
OX 124=C. COO 
0X133=0.000 
0X134=0. 000 
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0X143=0*000 
0X14 4=0*000 
0X13 3=0 .0 DO 
0X154=0. COO 
0X163=0.000 
0X164 =0. 000 
3X172 = 0. 00 0 
0X173=0.0 00 
0X174=C. COO 

0X211=0.000 
0X213=0.000 
0X214=0.000 
0X223=0 .000 
0X224= C. COO 
0X233 = 0.000 
0X234=0.000 
0 X243 = C. GO 0 
0X244=0.000 
0X253 =C. 000 
0X254=0. 000 
0X263 =0.000 
0X264 = 0. COO 
0X272=0.000 
0X273 =0 .000 
0X274=0.000 

0X311=0.000 
0X313=0.000 
0X314=0 .000 
0X323 = 0. 000 
0X324=0.000 
0X333 =0.000 
0X334=0. COO 
0X343=0.000 
0X344 = 0. 000 
0X353=0.000 
0X354=0 .000 
0X363 =0.000 
0X364 = 0 .000 
0X372=0 .000 
0X373 = 0. 000 
0X374=0 .000 

0X411 = 0.000 
0X413=0 .000 
0X414 = 0. ODO 
0X423=0.000 
0 X4£ 4=0. 000 
0X433=0.000 
0X434=0.000 
0X443 =0.000 
0X444=0. 000 
0X453=0 .000 
0X454=0. 000 
0X463=0. COO 
0X464=0 .000 
0 X472 = 0.000 
0X473=0.000 
0X474 =0.000 

0X511=0.000 
0X513 =0 .000 
0X514 = 0.000 
0X523=0.000 
0X524=0. 000 
0X533=0. CO 0 
0X534=0 .000 
0X543 = 0. COO 
OX 544 = 0 .000 
0X553 =0 .000 
0X554=0.000 
OX 5o3 =0 .0 DO 
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OX 564 = 0.000 
0X572=0,000 
0X573=0, 000 
0X574=0.000 

0X611=0.000 
0X613=0.000 
0X614=0.000 
0X623=0.000 
0X624=0.000 
0X633 = 0.000 
0X634=0.000 
0X643 =0.000 
0 X 644= C • CO 0 
DX65 3=0 .0 DO 
0X654 = 0. COO 
0Xo63=0.000 
0X664=0.000 
0X672=0. 000 
0X673=0.000 
0X67 4=0.00 0 

0X711=0.000 
0X713 =0.000 
0X114=0.000 
0X723=0.000 
0X724 = 0.000 
0X733=0.000 
0X734=0.000 
0X743=0.000 
OX 744 = 0 .000 
0X753=0.000 
0X754 = 0. 000 
0X763=0.000 
0X764 = 0. 000- 
OX 7 72= C. 00 0 
0X773 = 0.003 
0 X 774= C. COO 

0X811=0.000 
0X813=0.000 
0X814=0.000 
0X823=0.000 
0X824=0. 000 
0X833=0.000 
0X834 = 0. 003 
0X843=0.000 
0X344=0.003 
0X653=0.000 
0X854=0.000 
0X363=0.003 
0X664=0. CO 0 
0X872=0.000 
0X873 =0.000 
0X374=0.000 



ITT ELATION IN THE TIME DOMAIN 

$ a* £ 4 * 4c 3*::$: Sc 4 £ 2: 

00 IOC I =1 ,480 

012 = Cll +Y11 -Y23 +SIG’ X A l*< Y23-Y 14) 
022=Y33+SI3 MA2* ( 0 12+ Y 14- Y33 -Y24 J 
0^2=D22+Y2't-Y43+SIG'- , A i*< Y43-Y34) 
D‘+2=Y53 +S 15 YA4* < 032 + Y34-Y 53-Y44 ) 
0 5 2=0 42+Y44— Y 63 + 31 G M A ( Y63-Y54) 
06 2=Y 73+S IG v Ao*<D52+Y54- Y73-Y64 ) 
D72=062+Yfrt-Y72 + S IG M A7* < Y72-Y74 ) 
C 7 2=0 72' i P u . I 

071=06 2+3 l J‘<47*(C72-062 +y 72-Y73) 
0 C 1 =0 7 1-0 52 + Y 73 + SI G' H A6~- ( 05 2 -Y 6 3 ) 
05 1=04 2 +S IGMA 5*061-0 42+ Y 63- Y 55) 
041=051-032 +Y53 +S i G” A4* < D22-Y 43 ) 
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D31=D22+S 13 VA3*(0^1 -022 + Y43-Y 33 ) 

02 l=D3 1-D 12 + Y33 + SIGMA2*< 0 12-Y23) 
011=C11+S IG*'-' A1 * ( 02 1-C 11+Y23-Y 13) 

DIFFRENTIATION WITH RE£?ECT TO SIGMA1 



0B 11 2 = Y23-Y 14-0 XI 22+ SIGMA l* (0X1 23-0X114) 

08122 = 0X 133 +S I G'-* A2 - ( 0B 112 +0X 1 14- OX 13 3-0X124) 
06132 =09 123 +DX l 24-0X1 43 + S IGM A3 * ( OX 143-CX 134 ) 

00 142=DXl53+SIGMA+*( 0B132+0X134-0X153-0X144) 

0 615 2 = 08142 +0X 1 44-DX 1 63 +$ IG*' A5* ( OX 16 3-0X 154) 

00 162=0 XI 73 + SI G MAS = ( Oei5 2+OX 154-OX l 73-0X164 ) 

0617 2=05162+0X164-0X172+ SIG-U 7* (0X172-0X174) 
DA172 = 091 72 * p H I 

09 17 1=0B 162 + SiGf'4 7*(0A172 -09 162 +0X1 72-0X173 ) 

0 616 1= 0917 i.-DB 152+0X 1 7 3 + S IGM A6*( OS 1 5 2- OX 16 3 ) 

03 15 1 =031 42 + S I G *A5 * ( 0616 1-031 + 2 +DX 16 3-0X153 ) 

0 8141=0515 1-05 132+0 XI 53+ SIGMA4* ( 03 1 3 2-OX 1 43 ) 
03131=09122 +< I GM43*( 0 9 14 1-03 122+0X1 4 3-0X1 33) 

OB 12 1=031 3 1-03 112+0X1 33 + SIGMA2* I C 9 1 12- CX123 ) 

0611 1 = 021-3 11+Y23-Y 1 3+ SI 0 HA 1* ( 06 121 +0 X 123-0 XI 13 ) 

DIFFRENTIATION WITH RESPECT TO SIGMA2 



06212 =-DX223+SI GMA1 *( 0X22 3-0X214) 

06 2^2=0X233 +S I GHA2* I 08 21 2+0X2 14-0X233-0X224 ) +01 2+ Y14-Y33- Y24 
0 6232 =09222 +0X2 24-0X243 +S I G'l AJ=( 0X24 2-0X234 ) 

09 242=0X2 53+ SI G . V A4= ( 0 6232 +0X234-0X2 53-0X244 ) 

OP 25 2 =09242+0 X2 44-0 X2 63 + S I G* A 5 = (0X2 6 2-0X254) 
0B262=0X273+SIG W A6* ( 06252 0X254-0X27 3-0X264 ) 

06 2 7 2=08 262+0 X2 c4-D X2 72+ SIGMA7* (0X2 72-0X274) 

DA 27 2 = 082 72 *P H I 

06 271=052 62 +SIGMA7* ( 0A27 2-09262+0X2 72-0X2 73 ) 

09^61=09271-092 52+0 a2 73+ STG’-'Ao* (06252-0X263) 

0 9251=09242 +SIG“A5* ( 0826 1-032 42 +0X2 63-CX253 ) 

OS 24 1=0825 1-0 6 2 32+0X2 53+ SI GMA4* (092 32-0X243 ) 

0 62a 1= 03222 +S I GM A 3* ( 03 24 1-09222 +0 X24 3-0 X233) 

09221 =0823 1-092 12 +0X2 33 + < I GM A2* ( 062 12-0X223 ) +01 2- Y23 
09 211 = $ IGM A 1*( 09 221 + 0X22 3-0X213) 



0 I FFRENTI AT I GN WITH RESPECT TO SIGMA3 



OB 3 12 =-0X32 3+ SI GMA1* ( CX3 2 3-0X31 4) 

09322 = 0X333+$ I G'-'A2*( 00312 + 0X3 14-0X3 3 3-0X324) 

0 9 332=03322+0X324-0X343+9 I GMA3* ( OX 3 43- OX 3 34 ) +Y43-Y34 
09 3 42=0X353+ SI G^t 4* ( 03332+0X3 34-0X353-0X344) 

0 8352=0 93 42 +0X 3 4+ -0X363 +S I G -i A 5* ( OX 36 3-OX 354) 

OB 362=0X3 73 + SI G «A6* ( 0835 2 +DX3 54-0X3 73-0X364 ) 

063/2=03362+0 X3 64-0 Xa 72+ SI GN A 7* (0X372-0X374) 

0 A372 =033 72 *»HI 

09 3 71=09 362 +S I G V A 7* ( 0 A3 72 -093 62 + 0X 37 2-0X3 73 ) 

0 6361=0 93 71-0 9 352+0 X373+SIGHA 6* (05 35 2-0X363) 

09 351=09342 +S I G V A5 = ( 0536 1-00342+0X3 63-0X3 53 ) 

033+ 1=0035 1-0 3332+0 X3 53+ SIGH 44= ( 033 32-0X343 ) 

D633 1=093 2 2 +S IG 1 ' 1 A3 * ( 0 034 1-033 22 +0X 3 4 3-0 X333 ) +0 4 1- 022+ Y4 3- Y3 3 
08 32 l =0033 1-093 12+0X3 33+ $ I GVA2* < 033 1 2-CX 323 ) 

03 3il = S IG* V A 1*(Q9 321 + 0 Xa2a-0X313) 

0 IFFRENTI ATI ON WITH RESPECT T 0 SIGMA4 



0 84 12 =-0X42 3+ SI G MAI* ( 0X423-0X414) 

08422=0X4a3+SIGM42*( 09412+0X414-0X433-0X424) 

0 043 2 =03422 +QX+24- 0X4 43 + S I G‘» Ai* ( 0X4 4 3-0X434 ) 

09442=0 X453 + 5! G YA4* ( 06^*32+0X434-0X453-0X444 ) +C3 2+Y34-Y53-Y44 
09 452 = 08442 +0X444-0 X + oi + S I G 5 A 5* ( 0X46 2-0X454 ) 

OB 46 2=0X473+5 IG W A6* ( 00^*52 +0X45 + -0X + 7 3-0X464 ) 

09 4 72=00 4 6 2+0 X4 6+-0 X4 72+ S I GHA 7* ( JX 4 72-0X4 74 ) 

0A472=08472 *PHI 
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0B47 1=00462 +S IG^A7*{ 0 A47 2- 03 46 2 +0X4 72-0 X473 ) 

0 B4t> 1 =0B47 1-034 52 + 0 X4 73 + S I G M A6- { 03452-0X463 ) 

0B45 1 = 03 442 +S IGMA5=< D04o 1-03 442+0X46 3-0 X453 ) 

0 344 I =0845 l -03432 +0X453 + SIG4A4* ( 03*32-0X443 ) +032- Y43 
0B 43 1=03 422 + 3 I G “'A3- ( 0344 1-03422 +0X443-0X43 3 ) 

08 421 = 06431-034 12+0X433 + 3 IGMA2-( 03412-0X423 ) 

08411 =SIGMA1* (0642 1 +0X423-0X413 ) 

0 IFFRENT I AT IO'I WITH RESPECT TO SIGMA 5 



03512 =-0X523 + SIGMM=M 0X523-0X514) 

0352 2=0X5 33 + ? I G «A2 * ( 035 L 2+OX 5 14-0X 5 23-DX 524 ) 

00 532=03 522+0X524-0 X543+ SIGMA3* ( 0X543-0X534 ) 

065*2=0X55j+SI GMA4=( 0B 53 2+0X534-0 X5 53-0 X544 ) 

03 552 = 03 54 2 +0 X5-.-4-0 X5 63 + S I GM A5* ( CX563-0X554 )+Y63-Y54 
OS 56 2=0X57 3+51 G «A 6* ( 0 3 552+0 X5 54-0 X5 73-0X56 4 ) 

0 3572 = 03562 +0X564-0X5 72 + S I GM A 7*( 0X572-0X574) 

0A572=0?572*°Hi 

0?57i = 0356 2+ SIGMA7“( 0 A 5 7 2-03 562+0 X5 7 2-0 X573 ) 

0 S5o 1 =0357 1-0 35 52 +0X5 73 + S I GM A6- ( 035 5 2-0X563) 

08 551=093*2+513 ^5* ( 0 356 1-03542 +0X563-0X55 3 ) +C6 1-C42 + Y63-Y53 
08 5*1=0355 1-035 32+ 0X5 53 + S I GM A4-( 03522-0X543 ) 

0B53 1=055 22+"IGMA3 - ( 035*1 -0B5 22 +0X5 43-CX533 ) 

03 521 =0 r ' 531 -03512+0X53 3+ SI GMA2 5 * ( 0351 2-0 X 52 3 ) 

085 ll = S IGMAl^I 03521+0X523-0X513 ) 

0IFFRENTI ATI0N WITH RESPECT TO SIGMA6 



03 6 1 2=-0X62 3+ SI GMAl *< 0X62 3-0X61 4) 

0 0622=0X636 +S IGMA2*< 0B6 12 +0 X6 14-0 X6 33-0 X624) 

06 c32 =0362 2 +0 Xo 24 -0 X6*3 + S I G -1 A3 - < 0X6 4 3-0X634 ) 

0 9642=0X65 3 + S l G Mi 4=( 0 3 632+0X634-0X6 5 3-0X644) 

0B652 =08642 +0X6 44-0X663+S I G U5*( 0X66 3-0 X654 ) 

03 o6 2=0 X6 73 + S ! G V A6“ ( 0 9652 +0X654-0X673-0X664 ) +05 2 +Y54- Y73-Y6 4 
0367 2=0Bo6 2+0 Xo c*-0 X6 72+ S I G 9A 7* (0X6 72-0X674) 

0*672 =03672 *PHl 

06 671=09 Oc2+SIG y A7* (0A672-0B662 +0X672-0X673 ) 

0Bo6l = 0B6 7i-036 52+0X6 73+SIGM A6*( 096 5 2-0X663 ) +0 5 2- Y63 
03651=08642+$ I G^AS* ( 036ol-D36*2 +0X663-0X653 ) 

00641=03651 -0 9632+0 X6 5 3+ SIGMA 4= (03632-0X643 ) 

0 Bo3 1 = 03622 +S IGMA3-( 0«6* l-03o 22 +0X6 4 3-0X633 ) 

03 621=09 631 -0 36 12 + 0X6 33 + R IGMA2* ( 036 12-0X623 ) 

Ce6ii.=S IGMA 1- (09621 + 0 Xo23-0Xol3) 

0 IFFRENTIATI ON WITH RESPECT TO SIGMA7 



03 7 12=-0X72 3+ SI G M A 1 * ( 0X723-0X71 4) 

097 22 = 0X733 +3 I G''A2*( 09712+0X714-0X7 33-0X724) 

0B732 =06722+0X724-0X743 +3 IGMA3-( 0X743-CX734 ) 

09 742=0 X 733 + SI G MA4= ( 0 3 732 + 0X7 34-0 X7 53-0X744 ) 

0 3752 = 087 42 +DX 7*^-0X 7 63 +S IG’-'A 5-*< OX 7 63-0X754) 

09 76 2=0X773 +S I G V A6 * ( 0 375 2 +GX 7 3*-0X 7 73-0X764) 

00 77^=00762+0X7 64-0 X 7 72+ SIG'-<A7* (0X7 72-0X774) + Y 72- Y74 
3A772 =03772 I 

0° 77 1=03 762 +3 IG va 7* ( 0 A772 -03762 +0X7 7 2-CX773 ) +C7 2-C62 + Y72-Y7 3 
OB 7b 1 = 0 a 77 1-03 7 52+0X773+ SI GM A 5= ( 09 7 52-3X763 ) 

08751 =03742 +SIG.‘'A5*< 0976 1-067 *2 +0X 763-0X753 ) 

0« 7*1=03 75 1-03 7 22 + 0 X 753+3 IGM A** (037 32-0X743 ) 

0673 1=06 722 +$ I G'-‘ *.j - ( 0 s 74 1-03 7 22 +0X7 4 2-0X733 ) 
0S72I=0373l-03712+0X7j3+SIGMA2*(0d7 12-CX723 ) 

03 7 1 1 = S IG M A 1=( 0 3721+0X723-0X7 13) 

OIFFRENTI ATICN WI’H R E S 0 E C T TO PHI 



OB 31 2 =-0X82 3+S I GMAl = ( CX923-0X314 ) 

08 82 2=0X83 3 + 51 GMA2-< 09,312 + 0 XS 14-0X3 33-OX 824) 
0 0932 = 06822 +0X8 24-OX 3 43 +S IGMA 3 *( 0X3 43-OX 334) 

09 342=0 X853 + Si 0 W A4= ( 0 3332 +0X 334-0X3 53- 0X344 ) 
08352=09842 +0X3 44-0 X3 63+ SIGMAS* ( 0X362- 0X854) 
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c 

c 

c 



c 



c 



r 



D Q 36 2 = 0X3 7 3+3 IG M .A6*( 0*852+0X354-0 X8 7 3- 
0B372 =08362 +DY3 64-0X3 72 + S I G M A7* ( CX3 7 2 
OA d72O3872*PHI+072 

08 87 1 = 08 6c 2 + 3 IG* *7* ( 0 A 3 72-08 862 +G X8 7 2 
0 3 86 1 =033 7 1 -0 33 52 OX 3 73 + 5 I GM A6 * { 033 5 2 
0 B 8 5 1 = 03 8 42 + SIS V A5* (0886 1-033^2+0X363 
0 684 1 = D 83 5 1 - 0 B 3 52 +DX 8 5 3 + S I G* A 4 * ( D 5 S 2 2- 
0 3 831=08 S22 + SIG VA3* ( 0 834 1 -038 22 + DA 6 43 
088 21=03 83 1-03 612 + 0X333+ SISMA2* (033 12* 
06311 =S IGMA1 *( 03621 +DX3 23-0X3 13) 

UPDATED VALUES FOR NEXT I TTER AT ION 



Y 11=C11 
Y 13=01 1 
Y 1 4=0 12 

Y 23=0 21 

Y 24 =0 22 
Y 33=0 3 1 

Y 34=03 2 

Y 43 = 041 

Y 44=0 42 

Y 53= 0 51 

Y 5 4 =0 52 

Y 6 3=0 6 1 

Y 6 4=0 62 
Y72=C72 
Y73=D 71 

Y 74= 0 7 2 



DX 113=08111 
OX 114 = 08112 
0X123=03121 
0X124=08122 
OX 13 3 = 08131 
0X134=03132 
0X143=08141 
0X144=03142 
0X153=08 151 
OX 154=00152 
0X163 =03161 
OX 164 = 03162 
0 XI 72 =DA1 7 2 
0X173=03171 
0X 17 4=08172 



0X213=08211 
DX214=0R212 
0X223=03221 
0X224=03222 
0X253=03231 
0X234=06232 
0X243=03241 
0X244=06242 
0X253=08251 
0X254=08252 
0X263=03261 
0 X 2o4=032 62 
0X272=0A272 
0X273 =03271 
0X274=08272 



0X3 L3 =083 1 1 
0X314=03312 
DX 323=03321 
0X324 =03322 
0X333=03331 
0X334=06332 
0X343 =03341 
0X344=0*342 
0X353=03351 
0X354=03352 



•0X864) 
0X874 ) 

0X873) 
0X663 ) 
•0X353 ) 
0X843) 
0X833 ) 
0X823) 



234 



c 



c 
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0X363=39361. 
OX 3o4=08362 
0X372=0 A3 72 
0X373=09371 
0X374=03372 



0X4L3 

0X414 

0X423 

3X42 4; 

0X433; 

3X434 

OX 443; 

0X444 

0X453 

0X454 : 

0X463 

0X464; 

0X472 

0X473 

0X474; 



=03411 

=08412 

=03421 

=03422 

=08431 

=03432 

=08441 

=03442 

=08451 

=08452 

=06461 

=0B462 

=0A472 

=08471 

=08472 



3X513=03511 
OX 514 = 06512 
0X523=08521 
0X524=08 522 
0X533=03531 
0X534=03532 
0X543=09 541 
0X544=06542 
0X553=03551 
0X554=08552 
0X563=03561 
0X564=03562 
0X572=0A572 
0X573=06571 
0X574=03572 



0X613=08611 
0X614=08612 
0X623=08621 
0X624=08622 
0X633=08631 
0X634=08632 
0X643=0964 1 
0X644=08642 
0 Xo53 =0865 1 
0X654=08652 
0X6o 3 = CB66 L 
0 X664=03662 
OX 672 =0A 672 
0X673 =0867 l 
0X674=03672 
0X713 = 08711 
0X714=08712 
0X723=08721 
0X724=08722 
0X733=09731 
OX 734=")A 732 
0X743 =03741 
OX 744=03742 
0X753=09751 
0X754=08752 
0X763=08 761 
0X764=08762 
0 X 7 72 =0 A 772 
0X773=08771 
0X774=08772 

0X813=09311 
0X814 =08812 
0X823=03821 
0X824=08822 
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0X333=0633 1 
OX 534=03332 
0X343=03841 
0X844=08842 
0X353=03 851 
0X854=08352 
0X363 =03861 
0 X864=03862 
OX 872 =0 A 372 
0X873=08871 
0X874=03872 
C 

C 11=0.000 

c 

WT=W*TT 

W1 =0C V P LX (0 . 0 DO ,-WT) 

Z =C0E XP ( W 1 ) 

Hi=Hl+06172*Z 
H2 =H 2 +082 72 *Z 
H3=H3+03372 4 Z 
H4 = H4 +064 72 *Z 
H5=H5 + 0B572*Z 
HA=H6+0 p '672*Z 
H7 = rt7 +08772 *Z 
H 8=H 8+03372 *Z 
H= H + Q 72 *Z 

C UP0A7 1.N0 T H E TIME INCREMENT 

TT=T7 + OLTA T 
C 

100 CONTINUE 
C 

H1=H1*( 1.00 0+9HI )/Z 
H2=H2 *(1 .ODO+°H I ) / 2 
H3=H3*< l. OO+PHI )/2 
h4 = H4 =f(l.C00+ D HI)/2 
H 5 =H 5 * ( l. 00 0+OHI )/2 
Ht>=H6*< 1. 000+ D H I ) /2 
h7=H7 * ( 1 .000+PHD/2 
H8=H8*( l.COO+PH IJ/2+H/2 
C 

C ARRANGING THE OUTPtJ T Ot T A IN FREQUENCY DOMAIN 

C 

DATAO { J,1 )=W 
OATAK J.,1 )=W 
0ATA2( J * 1 ) = W 
0ATA3 ( J ,i ) =W 
0ATA4I J,1)=W 
0A7A5I J, 1 )=W 
DA-Ao ( J ,1) »W 
0ATA71 J, 1 ) = W 
0ATA8 (J,l J = W 
C 

C ARRANGING THE NORMALIZED OUTPUT DERIVATIVES WITH RESPECT TO 

C S I GMA 1 S » AND PHI 

C 

0ATA0(Jt2)=C.CDC 

OATAKJ ,2J = C0ABS( HI )*SIG^A1 

I FIRS.LE. I . 00-1 5 J OAT Ai { J,2) =C0A3S ( HI } 

C IF R S=0 THEN SIGMA 1 = 0 THUS c O.R THIS CASE ONLY NGN NORMALIZED 

C VALUES FOR DERIVATIVES A = E CA_CULATEO AND PLOTED 

OA TA2 ( J i2 ) =C0\3S(H2 ) * $ I G M A2 
OA~A3(J,2)=COA3S(H3)*SIGMA3 
OAT A4 ( J ,2 ) =C0 a 8S(H4 ) == S I G A4 
0ATA5I J,2) = CCA3S(H5) *SIG'1A5 
OAT A6 ( J,2 )= COAB S ( He ) *SIGm A6 
DA”A7( J,2) =C0AoS<n7 j^S IGHA7 
DATA S(j , 2 ) = CDAB S(M8 ) *DA3S(PHI ) 



C 

T0 = Al*Hl+A2*H2 + A3 :::, H3+A4*H4+A5*H5+4 6*Ht + i 7«H 7+ A S*H8 
T 1 =8 1 *H l + o2*H2+33*H3+64-H4+^5 ;;: H5 *-36^H6 + 87*H7 + ?8 *H 8 
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O oo on ooooooo 



T2 =D2*H2 +03 *H3 + 04*H4-»- 05* H5 + 06*Ho + D7 <^7+0 8^8 
T3=E3*H3+r-4*H4+E5*H5+E6*H6+£7*H7+t8*H3 
T4=°4* H4 + °5 *H5+=’6*H6+P7*H7+P3*H3 
T5=Q5*H5+Q6*H6+C7*H7 + C8*H8 
T6=56*H6+$7*H7+ $8*H8 
T 7 ='J7 *H7 +U8 *H6 
T 8=V8*H8 



ARRANGING THE NORMALIZED OUTPUT DERIVATIVES WITH RESPECT TO 
L *S,C 'S,RS, AND RL 

NOTE THAT Fhr T FE CASE OF QS=0 NON NORMALIZED VALUES ARE 
ARRANGED FOR SECTION ONE ONLY 

CATAOI J,3 )= CDA8S (“3 ) *PS 
I FIRS -LE. 1 .00-15) OAvAOI J ,3 ) =C0 A8S I TO ) 

DA7AHJ L 3) = CDA8S(T 1 ) *AL 1 

IF ( RS .LE.l .00-15) OA- A1 ( J ,3 ) = C0A8S ( T 1 J 

DATA2(J,3)=C0A3S(T2)*C2 

DATA3(J»3)=C0ABS(T3 ) *4L3 

DA~A4{ J,3)=C0A33(T4) *C4 

DATA 51 J, 3 ) = C0AB S ( T5 ) * AL5 

DA T A6 ( J » 3 )= C0ASSIT6 ) *C6 

0ATA7(J,3)=CDA3S(T7)*AL7 

DATA8I J,3)=CDA3S(T8)*RL 

UPDATING THE FREQUENCY INCREMENT 
W=W+DLTAW 
110 CONTINUE 



WRITE 16 ,54) 

54 FORMAT! ' l') 

IF( 3 S .GT. 1.00 -15) GO TO 555 
WR I'E (6 ,50 ) 

50 FORMAT! 35X. 'NON NORMALIZED VALUES’,//) 

WR I’ £16,49) 

49 F0RMAT!20X,' FREQ' ,40X ,' D ( 0/P) /D (RS ) ’,//) 

GO TO 666 
555 CONTINUE 

WRITE (6,48) 

43 FORM A" !’20X , ’FREO',40X, ’ ( 0 (0 /P ) /D ( R S ) ) *R$ ' ,//) 

666 CONTINUE 

v«R ITE! 6,20) ( ( DATAO ( N,M) ,M=1 ,3) ,N = 1 ,98) 

CALL GRAPHX (DAT AO, 98, 4HFR EQ , 4HM AG . ) 

C 

WRITE <6, 54) 

IF(RS .GT.i. 00-15) GO TO 333 
WRITE (6,50) 

W~ IT E ( 6, 51 ) 

51 FORMA" (20 X, • FREQ' ,15X, 'D( 0/=>)/D(SIG M A 1) ’ ,9X, 'D( 0/P) /D ( RL) ' , / /) 

GO TO 444 

333 CONTINUE 

WRITE (6 ,5 5 ) 

55 FORMAT! 20X, ' FRE C ,1 1 X , ' ( 0 (0 /P ) / 0( SI CM A l ) ) *S IGMA 1 ’ ,4X , M 0 ( 0/ P ) / D (L 1 

*) ) *L1 ’./ / ) 

444 CON'INUe 

WP. IT E<6,20 ) ( (DATA l ( N,M) ,.M=t , 3 ) , N- l , 98 ) 

CALL GRAPHX (OAT A 1,9 8 , 4HFR EO , 4HMAG . ) 

C 

WP IT E ( 6, 54) 
w P IT £ (6, 56 ) 

56 FORMA T ( 20X , ’FREQ' ,11X,' ( D (0/ P ) / 0 ( S I G V A2 ) ) *$ I GM A2 ' , 4X , ' ( D ( 0/ P ) / D I L 2 

*) ) *C2 ' ,// ) 

WR ITE (6 ,20 ) ( ( 0 AT A2 < N , M ) , v = 1, 3) , M= l * 9 £ ) 

CALL GRAPHX (DAT A 2,9 8, 4HF PEG, 4HM AG.) 

C 

WR I - E ( 6 ,54) 

W? ITE (6,57) 

5 7 FORM A" ( 20X , ’FREQ’ , 1 IX, ’ (0 (0/P ) / D ( SIGMA 3) )*SIGMA3' ,4 X , ’ I D ( 0/ P ) / D ( L3 

«) )*L3 ’ ,//) 

WR ITE ( 6 ,2 0 ) ( (DATA3(N,M) „M = l,3) ,N = 1,9S) 
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CALL GRAPH X(0ATA3, 98, 4HFR EQ , 4 HM AG . ) 

WRITE (6,54) 

WR IT E ( 6,56) 

5 8 FORM AT(2ox, ' FR£ q« ,11X, *(D(0/P )/D( 3IGM44)) *SIGMA4* ,4X, • (D( 0/P) /D(L4 
*) ) *C4* , //) 

WR IT E( 6,20) ( ( D4T4 4( N» M ) ,M=I,3) ,N = 1,9 8) 

CALL GRAPHX (OAT AA, 98 ,4HFREQ,4hM4G.) 

WR IT E ( 6 , 5 4 ) 

/.R IT E ( 6 ,59) 

59 FORMAT! 20X, *F RE C' , 1 L X , ’ ( 0 ( 0 /P ) / 0( SI GMA5 ) ) *S I GMA5 ’ ,4X , • ( 0 ( C/ P ) / D ( L 5 
*) ) *L5* ,// ) 

WRITE (6,20) ( (DATA5 <N,M) ,M=1,3) ,N=1 ,98) 

CALL GRAPHX(DAT45, 98 , 4HF.R EO ,4HMAG. ) 

C 

MR I TE ( 6 ,54 ) 

WR IT E ( o,60 ) 

60 F0R‘1A”(20X, ' FREQ* , I IX , ' ( 0 (0/P ) / D( S I GM A6 ) ) *SI GM A 6 ' ,4X,'(0(0/P)/D(L6 
*) ) *C6 * ,//) 

W5 IT E ( 6 » 29 ) ( i 0ATA6 ( M , ‘1 ) ,«=!, 3) ,N=i ,9S) 

CALL GRAPHX (OAT A6,93, 4HF R EQ, 4HM AG . ) 

C 

W~ I~ E ( 6 , 54 ) 

WRITE <6 ,6 1. ) 

61 FORMAT ( 20X, 'FREQ' ,11X,’ iD(0/P)/0( SI GMA7) )*$ IG V A7' ,4X,' (D(C/P)/u(L7 
*) ) *L7 ',//) 

WRI T E (6 ,20) { (DA’A7 (N,M) , * = 1 , 3 ) , M=1 , 03 ) 

CALL GRAPHX(DATA7,98, 4HFREQ,4HMAG. ) 

C 

WRITE (6,54) 

WR ITE ( 6,62 ) 

62 FCRMA T (23X, ' FREQ* ,11X, * (0(0/P )/0(PHl ) )*A6S( PH I ) ', 4X, ' ( 0(0/P) /O(RL) 
* ) * RL ' ,//) 

WR IT E( 6,20 ) ( (0ATA8 (N,M) ,M= 1, 3) ,N=1 , 98) 

CALL GRAPHX (DA r Ac ,93 , 4HFRE0, 4HMAG . ) 

C 

c 

^20 F0RMA T (20X, £12. 5 ,10X,E12.5 ,10X,E12*5) 

STOP 

ENO 
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